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Abstract 

 
 

 This report describes a study performed under ARO sponsorship, addressing the investigation 
of a novel way to reduce complex and extensive oxidation reaction mechanisms for fuel mixtures 
containing hundreds of species to a much smaller number of progress variables, typically by a 
factor of ten. The study has also been extended to computing laminar flames. Because the results 
have been documented in several papers published in the refereed literature and manuscripts, this 
final report is in the form of an Executive Summary succinctly describing the results and putting 
them in perspective with respect to existing oxidation mechanism reduction schemes and flame 
computations. The papers and manuscripts are individually listed as Appendices, and attached to 
this report. 
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EXECUTIVE SUMMARY 

 
The highlights of the results from the manuscripts in Appendices 1-5 are here summarized.  

 
The challenge of modeling turbulent reactive flows is so considerable that the activity has 

traditionally been decomposed into its two essential parts: kinetics and turbulence. Usually, 
modeling of chemical kinetics has proceeded on a separate path from that of turbulence which 
also includes canonical models for turbulence/reaction interaction. The only constraint to kinetic 
modeling was that it should be compact enough to be computationally efficient when included in 
a complex turbulent combustion code. However, there are definite advantages on approaching 
chemical kinetic modeling in a similar manner to turbulent flow modeling because if the 
concepts are similar, the hope is that the models will mesh better and the results will be easier to 
understand. This was the approach taken in this study. The spirit of the chemical kinetic 
modeling approach is that of Large Eddy Simulations (LES) in which kinematic-energy 
significant flow scales are computed and the others are modeled; in turbulence, the large flow 
scales constitute the former category and the small flow scales constitute the latter category. The 
chemical kinetics parallel is to obtain a model which only retains the thermodynamic-energy 
significant chemical scales as progress variables, and models the influence of the other scales. 
But the parallel approach between kinetics and turbulence was here extended even further. In 
turbulence modeling, a common methodology is to assess the behavior of the modeled scales by 
analyzing databases created using Direct Numerical Simulations (DNS) in which all flow scales 
are computed; indeed, current experimental diagnostics do not permit the same thoroughness of 
information as that obtained from DNS. The DNS data is analyzed in what is called an a priori 
study to inquire about the behavior of the small scales and propose mathematical forms which fit 
this behavior. The a priori study is followed by an a posteriori study where the proposed 
mathematical forms are inserted into the model to evaluate its performance when compared to 
the DNS database at the LES resolution. 

 
A complete analogy between turbulence and kinetics was here made by observing that 

kinetic elemental or skeletal mechanisms can serve for reduced kinetics the role that DNS serves 
for LES, in which case reduced kinetic mechanisms can be viewed as the complement to LES in 
achieving the goal of accurate computationally-efficient turbulent reactive flow simulations. The 
analogy between reduced kinetic models and LES is not entirely surprising since each chemical 
species has a characteristic time scale and in the kinetic reduction it is desirable to compute only 
those entities (e.g. species, combination of species, radicals, combination of radicals, etc.) having 
essential characteristic time scales (to be defined) and model the kinetics of the remaining 
entities. 

 
Thus, there were two important components to this study, namely the a priori analysis and 

the a posteriori evaluation. Whereas turbulence modeling benefits from decades of work using 
the DNS/LES concept which originated in atmospheric turbulence predictions in the 1960s, the 
present work is the first investigation to take this approach in kinetic reduction modeling. 
Therefore, it was first necessary to produce a categorization of scales analogous to the large and 
small scales of turbulence, then it was required to propose mathematical forms for the scales to 
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be modeled rather than computed as progress variables in the reduced kinetic model, and finally 
it was required to perform an a posteriori study in order to evaluate the chemical kinetic model 
versus the elemental or skeletal mechanism for those species predicted by the reduced model. 
The present model depicts a constant-volume situation, so as to be consistent with the 
requirement of a LES grid. 

 
We have proposed such a categorization [1, 2] through the definition of a total constituent 

molar density which is a progress variable representing the heavy species kinetics, and through 
the partition of the light species set into a set of modeled quasi-steady species and a set of 
progress variable species. By definition, constituent radicals are those composing species with a 
carbon number larger than or equal to 3. These species are called ‘heavy’, and their complement 
in the ensemble of species is called ‘light’. Constituents are obtained by mathematically breaking 
the heavy species into parts. Although sometimes lights and constituents, both of which are 
radicals, may have the same chemical formula, the difference between constituents and these 
light species is that the later are unbound to other chemical entities whereas the former are bound 
to other chemical entities, i.e. other constituents. The element compositions of the constituents 
are not linearly independent, but the constituents are linearly independent. Thus, the constituents 
are independent structural elements which have individual valence bond topologies; the 
constituents are not just based on atom counts. The total constituent molar density is the sum of 
the individual constituents’ molar densities.  

 
Thus, rather than following all species through their reaction coordinates, we follow a 

reduced set of reaction coordinates (i.e. progress variables); this reduced set is called a base. An 
extensive analysis of the LLNL databases [3] of elementary sets of reactions for a given fuel 
species revealed that a normalized temperature can be defined which serves as a similarity 
variable, θ. The variable which is self-similar versus θ is the molar density of the constituents 
divided by the product of the equivalence ratio and a reference nitrogen molar fraction which 
serves as a surrogate pressure. Both the a priori and a posteriori models, with numerous results, 
were described for n-heptane [1], for iso-octane, for mixtures of iso-octane and n-heptane (which 
are called Primary Reference Fuels) and for mixtures of iso-octane and n-pentane or of iso-
octane and iso-hexane [2]. The reduced models were compared with the original elementary 
LLNL mechanisms [3]. Comparisons involved temperature, species molar densities, the 
constituent molar density and ignition times. The results were uniformly excellent except for the 
very large equivalence ratios (i.e. 4) where they were only very good. The deterioration in 
performance for these very rich flames was due to the multivalued aspects of the functions 
versus θ. 

 
Specifically, we have shown that the molar density of the constituents divided by the product 

of the equivalence ratio and a reference nitrogen molar fraction plotted versus θ is invariant with 
pressure over the range 5-50 atm, with the equivalence ratio over  the range [1/4, 4] range and 
with initial temperature values in the cold ignition regime, i.e. [600 K, 900 K]. For larger initial 
temperatures than 900 K and up to 1200 K to which the model has been tested, the self-similarity 
holds modulo the initial temperature value. Remarkably, this model is valid over a much larger 
equivalence ratio range than all other chemical kinetic reduced mechanisms presented in the 
literature that are typically developed in the [1/2, 2] range. As part of another research program, 
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recent simulation results describing the mixing of five species under supercritical pressure [4] 
show that the [1/2, 2] range captures an extremely limited range of locations in the flow field. An 
additional feature of the self-similarity parameter θ is that the molar densities of oxygen and 
water plotted versus θ display a quasi linear decreasing and quasi linear increasing behavior, 
respectively, over the entire range of parameters explored. The fact that these features prevail for 
not only single-fuel species but also mixtures of fuel-species, including mixtures of different 
percentages of n-heptane and iso-octane, is very encouraging for its extension to heavier 
hydrocarbons. In fact, our model is hierarchical by construct, meaning that it is naturally 
extendable to higher carbon-number hydrocarbons (a primary necessity for modeling heavier 
than iso-octane and ring hydrocarbons), thus having advantages in this respect over the 
capabilities of other models. The hierarchical aspect comes in because the progress variables are 
not necessarily species, but also include species ‘constituents’ defined very much like in group 
additivity theory [5]. The number of constituents in the global constituent may increase with 
increasing carbon number or with moving from straight-chain alkanes to ring hydrocarbons, but 
the self-similarity is expected to remain. An example of the increasing number of constituents 
has already been observed on going from n-heptane to iso-octane (13 versus 14), but the primary 
pillar of the method which is the self-similarity, still holds. 

 
To give perspective to our model, the number of species progress variables in our model is 

11, whereas reduced models in the scientific literature claiming good agreement with data have 
more than 50 progress variables. The saving in computational time using our model is very 
significant. 

 
On consulting chemical physicists [6] in retrospect, there seems to be no surprise to our 

success. This is because the heavy species decompose very fast upon heating, and it is only what 
results from this decomposition that makes an impact on the reaction. We have taken advantage 
of this property to develop a compact, yet accurate chemical kinetic model. 

 
Building on the success with chemical kinetics reduction, the next topic addressed has been 

that of laminar flame propagation. Compared to chemical kinetics prediction alone, flames have 
the additional complication of involving transport of species, momentum and energy. Therefore, 
accurate transport coefficients must be computed for the mixtures under consideration. For 
example, the species mass diffusion matrix is a square matrix having as many elements in each 
of the two directions as species and species-like progress variables. Each element of the matrix 
depends on the composition, temperature and pressure [7, 8]. The thermal diffusion factor matrix 
is involved in the computation of Soret and Dufour effects which may be important under high-
pressure conditions [8]. The thermal conductivity must be computed for the entire mixture, with 
appropriate mixing rules accounting for the varying composition and temperature during the 
evolution of the flame. Although the flow is considered inviscid, according to [9] the viscosity 
plays a role in the computation of thermal conductivity, so it must be modeled. Additionally, a 
real-gas equation of state, having capability to perform well under high-pressure conditions, 
must also be constructed, with appropriate mixing rules [9]. Moreover, because of the 
partitioning of the species into constituents, quasi-steady lights and progress-variable lights, the 
governing equations required now recasting in a new form to respect this partition. This 
preliminary work for computing flame has been presented in [10] and applied to computing the 
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evolution of the temperature and species in a premixed flame, up to the flame location, using a 
computational method based on a large Peclet number. To assess the importance of species mass 
diffusion, computations were performed with and without species mass diffusion and the effect 
of species mass diffusion has been highlighted. Further, by changing the numerical method to a 
split-step type where there are many chemical steps within a diffusion numerical step, 
computations were carried out for premixed flames through the flame region [11]. Currently, this 
work is being enlarged to perform simulations for preparing a manuscript to be submitted for 
publication in a refereed journal. The next step will be the establishment of a methodology for 
computing counterflow flames within the constituent concept. 
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a b s t r a c t

A methodology for deriving a reduced kinetic mechanism for alkane oxidation is described and applied to
n-heptane. The model is based on partitioning the species of the skeletal kinetic mechanism into lights,
defined as those having a carbon number smaller than 3, and heavies, which are the complement in the
species ensemble. For modeling purposes, the heavy species are mathematically decomposed into con-
stituents, which are similar but not identical to groups in the group additivity theory. From analysis of
the LLNL skeletal mechanism in conjunction with CHEMKIN II, it is shown that a similarity variable
can be formed such that the appropriately scaled global constituent molar density exhibits a self-similar
behavior over a very wide range of equivalence ratios, initial pressures and initial temperatures that is of
interest for predicting n-heptane oxidation. Furthermore, the oxygen and water molar densities are
shown to display a quasi-linear behavior with respect to the similarity variable. The light species ensem-
ble is partitioned into quasi-steady and unsteady species. The concept is tested by using tabular informa-
tion from the LLNL skeletal mechanism in conjunction with CHEMKIN II. The test reveals that the
similarity concept is indeed justified and that the combustion temperature is well predicted, but that
the ignition time is overpredicted. To palliate this deficiency, functional modeling is incorporated into
our conceptual reduction. Due to the reduction process, models are also included for the global constit-
uent molar density, the kinetics-induced enthalpy evolution of the heavy species, the contribution to the
reaction rate of the unsteady lights from the heavies, the molar density evolution of oxygen and water,
the mole fractions of the quasi-steady light species and the mean molar heat capacity of the heavy spe-
cies. The model is compact in that there are only nine species-related progress variables. Results are pre-
sented comparing the performance of the model for predicting the temperature and species evolution
with that of the skeletal mechanism. The model reproduces the ignition time over a wide range of equiv-
alence ratios, initial pressure and initial temperature.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

The reduction of elementary or skeletal oxidation kinetics to a
subgroup of tractable reactions for inclusion in turbulent combus-
tion codes has been the subject of numerous studies. The skeletal
mechanism is obtained from the elementary mechanism by remov-
ing from it reactions which are considered negligible for the intent
of the specific study considered. As of now, there are many chemical
reduction methodologies. A typical way of reducing chemical
mechanisms is to represent it by a few significant (in quantitatively
defined ways) chemical species and correspondingly perform a
lumping of Arrhenius-type reactions. Examples of models that fall
in this category are those of Müeller et al. [1], Bollig et al. [2], Sung
et al. [3] and Li et al. [4]. Another method, called piecewise imple-
mentation of solution mapping (PRISM) [5], relies on the construc-

tion of a polynomial representation in a region of chemical
composition space to approximate the chemical kinetics. This rep-
resentation is stored for use during a numerical simulation, and
the chemistry evolution for points within the composition space
is computed by evaluating these polynomials instead of solving dif-
ferential equations. If the evolution of chemistry is required outside
of the domain where the polynomials are available, the methodol-
ogy dynamically samples the region and constructs a new represen-
tation. In situ adaptive tabulation (ISAT) [6] is a method similar to
PRISM, and also relies on tabulated polynomial fits to the chemical
mechanism over a given time interval at various locations in the
composition space. ISAT is based on a linear approximation,
whereas PRISM represents a piecewise quadratic fit of the chemis-
try. The intrinsic low-dimensional manifold (ILDM) [7] method is
based on the observation that in a chemically reactive mixture at
fixed pressure, fixed total enthalpy and fixed atomic element com-
position, the path of reaction in the high-dimensional state space
lies in low-dimensional manifolds in the vicinity of reaction attrac-
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tors, far from the final equilibrium point; these manifolds are
intrinsic, meaning that except for the degree of reduction, the reac-
tion mechanism in terms of Arrhenius-type elementary reactions is
the only source of information necessary to build the approxima-
tion. However, ILDM is not easily implementable in some situa-
tions. Particularly, it (i) has the drawback of becoming very
difficult to handle with increasing number of C atoms in the fuel
[8], and we note that heavy species (i.e. large number of C atoms)
enter the composition of most practical fuels, and (ii) does not work
at low temperatures, or very lean or rich mixture conditions, which
are precisely the conditions where a very large number of pollu-
tants are formed. The Computational Singular Perturbation (CSP)
method of Lam and Goussis [9] introduces simplifications by distin-
guishing between the different time scales of the elementary reac-
tions. The CSP method computerizes the choice of the important
reactions, and therefore does not rely on intuition to retain the
important slow reactions with respect to the fast ones. However,
CSP reduces only the number of reactions, not the number of spe-
cies [9]. That is, the number of differential equations to be solved
in order to find the evolution of the mixture remains the same as
in the detailed mechanism, and thus, although rigorous and accu-
rate, CSP remains computationally expensive. Lumping procedures,
both for reactions and for components have also been used [10,11]
for mechanism reduction; the components are usually possible
isomers of large hydrocarbons and in this procedure a large
number of real components is lumped into a judiciously selected
number of equivalent components. Thus, the lumped mecha-
nisms of heavy species are represented by a limited number of
equivalent reactions. The directed relation graph (DRG) reduction
[12–16] is a more recent method in which the coupling among
species is plotted in a graph which is then analyzed to identify
unimportant species; these species are then removed from the
mechanism. These few reduction methodologies only represent
a subset of all procedures devised for the goal of obtaining a ki-
netic mechanism compact enough to be utilizable for turbulent
reactive flow calculations and accurate enough to be reliable
over a wide range of equivalence ratios, /, initial pressures, p0

(subscript 0 denotes the initial value), and initial temperatures,
T0. As none of the existing methodologies for mechanism reduc-
tion is considered the ultimate answer in the quest for compact-
ness and reliability, the search for novel ideas in kinetic
mechanism reduction continues. The study presented here is
the result of such a search.

In this study, one of the main concerns was to devise a kinetic
reduction procedure which is consistent with the Large Eddy Sim-
ulation (LES) concept, as LES has shown considerable promise in
simulating turbulent flows and represents the state-of-the-art
capability in such simulations. The primary idea in LES is that
due to the computational infeasibility of routinely solving the gov-
erning equations for fully turbulent flows (i.e. high Reynolds num-
ber), one should spatially filter the equations thus removing the
dynamic-energy unimportant small scales, leaving only the large
scales to be resolved. The influence of the small scales is re-intro-
duced in the equations through functional modeling, allowing the
solution of the large scales, and thus of most of the dynamic en-
ergy. The dynamic scales of fluid mechanics have a parallel in
chemical kinetics since each species has its own characteristic time
and can be thought to be a scale of the problem. The dynamic en-
ergy of the flow has a parallel in the thermodynamic energy of the
reaction; at this early stage of our reduction model, we are only
interested in recovering the energetics of the reaction, the major
species, and some of the species through which a reaction is mon-
itored (e.g. OH). Therefore, the idea here is to explore whether it is
possible to remove scales unimportant to the energetics, and func-
tionally model them. The study focusses on the cold ignition re-
gime for hydrocarbon oxidation.

In LES, the small scales are modeled by examining solutions ob-
tained from Direct Numerical Simulation for incipient (i.e. low Rey-
nolds number) turbulence, as these solutions contain small-scale
behavior information. For chemical kinetics, the information that
could be neglected is contained in the skeletal kinetic mechanism.
Therefore, the idea is here that examination of the solutions from
the skeletal mechanism should reveal the functional forms of the
kinetic scales which could be neglected.

This paper is organized as follows: We first describe the ba-
sis leading to our conceptual model. Then, we present the mod-
el which, because it results from examination of the n-heptane
kinetic mechanism [17], is directly intertwined with the quanti-
tative aspects of n-heptane oxidation. The interest is in n-hep-
tane because it is the simplest hydrocarbon exhibiting a
negative temperature coefficient (NTC) behavior and is a refer-
ence fuel. Further, we assess the model by comparing it with
the skeletal mechanism to identify modeling needs. The func-
tional model is next presented, and results from it are critically
examined for different aspects of the predictions. In a following
section, we discuss the ensemble of the results to indicate the
strategy for future work. Finally, a summary and conclusions
are presented.

2. Conceptual model

The conceptual model seeks to represent the species, thought to be
akin to vectors in a mathematical space, by a reduced base set. The
species are partitioned into heavies (carbon number, n P 3) and
lights (the remaining of the set). The heavies can be either radicals
or stable species. The lights are oxygen, nitrogen, the final combustion
products and light radicals/molecules (e.g. CH3; CH4; H2O2). The
heavies are decomposed into constituents, as described below, while
the lights remain part of the base.

2.1. Heavy species: the total constituent molar density as progress
variable

The definition of constituents stems from the observations that
(i) plots of the heats of combustion for alkanes and for alkenes hav-
ing a C double bond at the molecular chain end have a linear var-
iation with the C number, n and (ii) at fixed temperature T, the
species molar heats at constant pressure, Cp, vary linearly with n.
The implications are that (1) heats of combustion and Cp may be
considered obtainable by summing those of constituent radicals
CH2; CH3 and C2H3 that form these hydrocarbons and (2) for
n P 3, species may be mathematically decomposed into constitu-
ent radicals. The mathematical decomposition is not meant to
emulate a real reaction, such as pyrolysis. Each constituent molar
density, Nk, is the sum, over all heavy species, of the count of the
constituent in each heavy species multiplied by the molar density
of that species. The element compositions of the constituents are
not linearly independent, but the constituents are linearly inde-
pendent. Basically, the constituents are independent structural ele-
ments which have valence bond topologies (see below); the
constituents are not just based on atom counts.

The constituents are similar to the groups in group additivity
theory [18,19], however, there are marked differences from it. In
group additivity one accounts for interactions with adjacent groups,
interactions with non-adjacent groups and for steric effects. In our
‘constituents’ concept we only account for interactions with
adjacent groups and first order (compositional) effects. Also, our
process is different from lumping because we are decomposing all
heavy species and, as explained above, a constituent may
span the entire species set of heavy species. The heavy species
constituent radicals are defined as a set of entities (here, 13 of
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them: CH2; CH3; CH; C2H3; C2H2; C2; HC2; CO (keto), HCO; HO;
HO2;OO; O) from which any heavy species or radical may be con-
structed. The structural topology of the constituents is illustrated
in Fig. 1. This mathematical decomposition is precise for the large
majority of heavy species. If not precise, a particular constituent
which is in the heavy species but not in our set of 13 constituents,
is replaced by the closest constituent in the set. The total constitu-
ent molar density is

Nc �
X13

k¼1

Nk ð1Þ

where the molar density of individual constituent k is Nk.
Each case computed is initialized at a specified p0; T0 and /.

Replacing the pressure variable p, we define a dimensionless molar
density

N� � NN2

Nref
ð2Þ

for N2, where the reference N2 molar density is Nref ¼ 31:5 mol=m3

for dry air value at pressure pref ¼ 1 bar and Tref ¼ 298:15 K. Thus,
N� acts as a convenient surrogate variable for p since the N� value
is essentially reaction rate invariant given that N2 is inert and no
NOx mechanism is considered at this early stage of model develop-
ment. That is, the partial pressure of N2 is the overwhelming contri-
bution to p; basically, the ratio of N� to p0 is nearly constant.

We seek to obtain a normalized variable h such that at approx-
imately the same value of h; Nc has been consumed in the reaction
for all initial conditions, except for rich situations. If such a variable
can be obtained, one would hope to formulate the problem in more
generic terms than if this variable could not be found. Beside the
goal of achieving a normalization so that Nc decreases by 3 orders
of magnitude at approximately same h (except for rich situations),
we also ask the question whether the normalization variable could
additionally be a similarity variable such that all Nc versus h curves
nearly coincide. The advantage of self-similarity is that it reduces
the dimensionality of the problem. Because of the complexity of
hydrocarbon oxidation mechanisms, performing a general mathe-
matical analysis to seek h is unpractical, so the search for h was
performed by choosing a specific example, the n-heptane oxidation
LLNL skeletal mechanism, and by exhaustively examining the data-

base through curve fitting. The result of this very time-consuming
empirical work, described in Section 3.1, was

h � T � T0

Trð/;N�Þ
ð3Þ

Tr � 2065ðN�Þ0:06wð/Þ ð4Þ

wð/Þ ¼ /
1:5þ 1:31/

1þ 0:71/þ 1:1/2 : ð5Þ

As it will be shown in the following, the h definition is such that in-
deed Nc decreases by three orders of magnitude (delving into higher
order of magnitude decrease runs the risk of encountering round-off
and truncation errors) from its initial value during stoichiometric
combustion upon reaching h J 0:6. The h ’ 0:6 value was chosen
to ensure that all h values remain below unity for all test case
calculations.

2.2. Light species: a modeled subset and a progress variable subset

According to the above procedure, light species are not subject
to meaningful decomposition. Examination of runs made using the
LLNL database in CHEMKIN II indicates that the light species
should be categorized in two subsets: one which is modeled, and
one which is computed subject to the heavy species model, as
follows.

2.2.1. Quasi-steady light species
The species in the first subset are the radicals O; CH;

CH2; CH3; HO; HCO; HO2; HC2; C2H3 which have a quasi-steady
behavior (production and consumption rates are within 5% of each
other during an overwhelming time of the reaction). Their mole frac-
tion, Xi, is here modeled through mathematical fits as a function of
the state variables ð/;N�; TÞ and modeling parameters (here, only
T0). There are nine of these quasi-steady light species.

2.2.2. Progress variable light species
The species in the second subset are unsteady and require rate

equations. This set consists of H2O; CO2; O2; H; CO; H2; CH4;

H2O2; C2H2; C2H4; CH2O. The reaction rate of light species is con-
ceptualized as

Ri �
dNi

dt

� �
reac

¼ dNi

dt

����
heavies

þ dNi

dt

����
lights

; ð6Þ

where the first term expressing the contribution to the lights from
of the heavy group must be modeled and second term in the right
hand side has the same rates as in the LLNL skeletal mechanism.
We make the ad-hoc assumption that to lowest order, through
our reduction

dNi

dt

����
heavies

!
X13

k¼1

NkðKGi;k � XiKLi;kÞ ð7Þ

where KGi;k and KLi;k represent gain and loss rates from the heavy
constituent k to the light i. Examination of the skeletal mechanism
result reveals that individual dominant constituents of molar den-
sity Nk are quasi-steady, which implies that there is a mole fraction
XCk such that Nk ’ NcXCk, meaning that

dNi

dt

����
heavies

! Nc

X13

k¼1

XCkKGi;k � Xi

X13

k¼1

XCkKLi;k

 !
: ð8Þ

By defining KGi �
P13

k¼1XCkKGi;k and KLi �
P13

k¼1XCkKLi;k, one obtains

dNi

dt

����
heavies

¼ NcðKGi � XiKLiÞ; ð9Þ

where KGi and KLi are functions of ðT0;/;N
�; TÞ and they must be

modeled consistently with the heavy species model. There are ele-
ven of these unsteady light species.

Fig. 1. Structure of the 13 constituents. First row, left to right: methylene, methyl,
formyl. Second row, left to right: vinyl, vinylene. Third row, left to right: dicarbon,
ethynyl, keto. Fourth row, left to right: methylidyne, hydroxyl, hydroperoxy. Fifth
row, left to right: peroxy, atomic oxygen.
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2.3. Model summary for species and computation of energetics

At this junction, the base set is composed of the total constitu-
ent radical molar density Nc and of the 11 molar densities of the
light molecules or free radicals of the second light species subset.
Thus, there are at this stage only 12 species-related progress vari-
ables. To use this model, one must first find a strategy for comput-
ing Nc; such a strategy will be shown next. To compute the 20 light
species, one must model Xi of the first light species subset and
compute the conventional light species reaction rates of the second
light species subset. For the unsteady light species reaction rates,
models of KGi and KLi are needed in functional form.

Computation of the temperature evolution in a reactive system
requires knowledge of the species molar enthalpies and molar heat
capacities. For species i, the molar enthalpy may be expressed as
hi ¼ h0

i þ ehiðTÞ where h0
i is the heat of formation, ehi is the sensible

enthalpy and T is the temperature. The heat of formation is taken at
the above reference conditions, giving ehi ¼

R T
Tref

Cp;idT where Cp;i is
the molar constant-pressure heat capacity. Under the assumption
that water remains in vapor state, a heat of combustion for species
i is given by

hc
i ¼ h0

i �
X

j

wjih
0
j ð10Þ

where wji is the number of species j in species i that produces the
correct atom count, where the index j denotes the species set of
air ðO2; N2Þ and final combustion products ðH2O; CO2Þ. (This means
that mathematically, we consider species i as being composed of air
and final combustion product species.) Values of hc

i and h0
i are pro-

vided in Table 1.
Considering the total enthalpy to be fixed, and consistent with

the goal of only modeling the energetics resulting from the oxida-
tion reaction, the temperature evolution is given by

X
l2heav ies

Cp;lNl þ
X

i2lights

Cp;iNi

 !
dT
dt
¼ �

X
l2heav ies

hlRl þ
X

i2lights

hiRi

 !
ð11Þ

where Ru is the universal gas constant; this equation is general and
holds for the skeletal mechanism. Equation (11) is an approxima-
tion of the energy equation in that it does not include the tran-
sient-p term, so as not to constrain the validity of the results to
only low-p situations for which the perfect-gas equation of state
(EOS) used in CHEMKIN is appropriate. CHEMKIN II contains two
non-equivalent options for calculations of reaction rates: (1) pro-
viding T and the molar densities, a procedure which does not neces-
sitate the use of the EOS, and (2) specifying p, additionally to T and
the molar densities, a procedure which requires the utilization of
the perfect-gas EOS. Since high-p combustion will necessitate the
use of real-gas EOS, in our computations, we use option (1), so as
to make our results independent of the EOS. The neglect of the p
variation term in Eq. (11) is justified because (i) during the initial
phase before ignition, the T variation is very small and the corre-
sponding changes in p are also small, and (ii) during ignition, when
the timewise p variation is significant, most of the T increase is due
to the heat release from combustion. Neglect of the transient-p ef-
fects corresponds to slow and/or small changes in the mean local
mass density (this is consistent with fixed total enthalpy results ob-
tained using the LLNL skeletal model in CHEMKIN II; not shown), i.e.
an approximately incompressible fluid.

For the reduced model, since the heavy species are not available,
the sums over the heavy species must be replaced by functional
forms which must be determined from numerical calculations with
the LLNL skeletal mechanism. To this end, we define a mean heavy
species molar heat capacity

Cp;h �
P

l2heaviesCp;lNl
� �

Nc
; ð12Þ

and a mean rate of enthalpy change (in units s�1)

Kh � �
X

l2heavies

hlRl

 !
1

RuTref Nc
: ð13Þ

In Eqs. (12) and (13), Nc is used used for normalization purposes,
which is consistent with Eq. (9) and the conceptual model described
in Section 2.1. Replacing Eqs. (12) and (13) in Eq. (11) yields the
temperature evolution equation

NcCp;h þ
X

i2lights

Cp;iNi

 !
dT
dt
¼ �

X
i2lights

hiRi þ NcðRuTref ÞKh ð14Þ

in which, when using the reduced model, Nc; Cp;h and Kh (all of
which describe the heavy species set) are quantities not directly
computable from the reduced model, and thus must be modeled
as a function of (T0;/;N

�; T); additionally, one must obtain Ni using
the model described in Section 2.2.2.

For the energetics, values of hc are obtained from the literature
and for each light species Cp is modeled as

Cp

Ru
¼ ah þ bh ln

T
Tref

� �
: ð15Þ

Values of ah and bh for the light molecules are given in Table 1 [20–23].

3. Results

The results are here presented from four perspectives. First, in
Section 3.1 we examine the benefits of the reduction of the heavy
species to Nc and of the normalization of the database using h. The
kinetic reduction from the skeletal mechanism to our model neces-
sarily involves a loss of information which requires additional

Table 1
Thermodynamic properties of molecules and free radicals. h0 and hc (heats of
formation and combustion, respectively), in kJ/mol; constants ah and bh for molar heat
capacity in the form Cp=Ru ¼ ah þ bhlnðT=Tref Þ; Tref ¼ 298:15 K. ‘‘Mo” denotes ‘‘mol-
ecule”. ‘‘Ra” denotes ‘‘radical”.

Mo/Ra h0 hc ah bh

H2 0.0 241.5 3.282 0.400
O2 0.0 0.0 3.476 0.5663
N2 0.0 0.0 3.388 0.469
C 717 1111 2.50 0.0
H2O �241.5 0.0 3.688 1.217
CO2 �393.5 0.0 4.690 1.390
N 473 473 2.50 0.0
H 218.0 339 2.50 0.0
HO 38 159 3.385 0.3637
HOO 10.5 131 4.150 1.307
O 249.2 249.2 2.536 0.0
CO �110.5 283 3.426 0.4749
HCO 43.1 558 4.154 1.2875
CH4 �74.6 802 3.797 4.305
CH3 146 902 4.440 2.249
CH2 390 1025 3.973 1.3015
CH 596 1110 3.220 0.7136
C2H3 300 1449 5.1 3.5
HC2 566 1474 4.434 1.404
C2 838a 1625 4.58 0.0
NO 90.3 90.3 3.533 0.4508
NO2 33.2 33.2 4.691 1.151
H2O2 �136 106 5.269 1.880
HCOH �109 526.5 4.27 2.546
C2H2 228 1257 5.368 2.294
C2H4 52.5 1323 5.383 4.676

a Alternate value of 832 from the CRC tables.
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modeling. Second, to separate the reduction concept from the nec-
essary additional model, in Section 3.2 we evaluate the concept
using an ideal model extracted from the skeletal kinetics. Third,
in Section 3.3 we present the a priori study, which involves model-
ing of the information lost through the kinetic reduction by func-
tional fits and comparing them to the skeletal mechanism
derived functions. Finally, in Section 3.4, in an a posteriori study,
we show the performance of the kinetic reduction using the func-
tional fits.

3.1. Examination of the n-heptane skeletal mechanism using our
concept

Fig. 2 shows Nc=ð/� N�Þ as a function of h; the plots were
obtained using the LLNL skeletal kinetics in CHEMKIN II. The
similarity achieved with Nc=ð/� N�Þ and h is notable despite
small departures from the nominal curves. Even for as rich a
mixture as / ¼ 2, similarity holds, making this similarity valid
in realms beyond those in advanced reduced schemes where
the upper limit of the scheme validity is / ¼ 1:5 [13], at most
/ ¼ 2:0 [24] or exceptionally / ¼ 3 [25]. At / ¼ 4, the mixture
is too rich for the reaction to obtain complete fuel burning,
and as a result, the reaction termination induces the disparity
from self-similarity at h ’ 0:24.

The self-similar behavior can be understood as a reduction in
dimensionality of the problem but should not be confused with
the ILDM method [7] because that concept was developed for
actual chemical species, whereas our findings are for Nc . Basically,
Nc serves as a coarse-grained attractor compared to the attractors
found through the ILDM. And neither is our model equivalent with
lumping [10,11] because we are decomposing all heavy species
rather than a selection of them, and because a constituent may
span the entire species set of heavy species. The fact that Nc can
embody the evolution of all heavy species is consistent with, and
can be traced to, the fact that as T increases, the heavy species
chemically decompose and no longer play a role; instead, the
products of this decomposition determine the reaction evolution.

Once values of h ’ 0:6 are achieved, the constituents have been
nearly exhausted and the reaction may be considered to have
reached completion. Thus, the normalization achieved through h
may be very useful because over the wide range of /; p0 and T0,
the reaction is completed at approximately the same h value, as de-
sired (see Section 2.1).

Plots of the molar densities of oxygen, No2, and of water, Nh2o,
versus h are illustrated in Fig. 3 over the same wide range of
/; p0 and T0 as in Fig. 2. Notably, both types of plots display a qua-

si-linearity. For H2O, eventually, an asymptotic behavior is seen at
h ’ 0:6 indicative of the reaction having reached completion, con-
sistent with the information from Fig. 2.

The above findings suggest that instead of computing Nc from a
rate equation (i.e. as a progress variable), one may simply fit the
Nc=ð/� N�Þ curves shown in Fig. 2; this fitting must be performed
in the four parameter space ðT0;/;N

�; TÞ. That is, whereas the LLNL
skeletal mechanism depends on more than the four variables we
have chosen, the reduced model only depends on these four
parameters; this fact is shown next in Section 3.2. Noteworthy,
Fig. 2 shows that the accuracy of the Nc=ð/� N�Þ fits versus h for
hJ 0:6 is irrelevant, since either Nc ’ 0 past this h value or for very
rich situations Nc is small well before h ’ 0:6. Similarly, instead of
considering O2 and H2O as progress variables, it seems reasonable
to functionally fit the slope of the curves in Fig. 3 and use this fit in
routine calculations to predict these two major species. Thus, this
examination of our conceptual model for n-heptane using the LLNL
skeletal kinetics in CHEMKIN II leads to further reducing the num-
ber of species-related process variables from 12 to 9. These 9 pro-
gress variables are the molar densities of the lights: CO2; CO;
H; H2; CH4; H2O2; C2H2; C2H4; CH2O.

3.2. Assessment of the concept’s predictive capabilities using an ideal
model

Before launching into the task of performing functional fits for
rates and Xi, we deemed it instructive to assess the predictive capa-
bility of the concept, independent of the functional fits, by utilizing
ideal functional fits extracted from the LLNL skeletal mechanism
using CHEMKIN II. These ideal functions were obtained in tabular
form, every 5 �K, and served as input to our conceptual model.
Examples of the results are portrayed in Fig. 4 for both Nc and T
profiles; indeed, predicting the energetics and more particularly
the ignition time, tign, is an important goal of the model.

Unsurprizingly according to Fig. 2, Fig. 4a shows that Nc is excel-
lently predicted by our conceptual model. However, whereas the va-
lue of the combustion T is also excellently predicted, as shown in
Fig. 4b, the predicted ignition time is longer than that of the skeletal
mechanism, which epitomizes the missing information in the re-
duced kinetic model. The fact that the combustion T is well predicted
for the largest t shown in Fig. 4b can be seen by mentally translating
the TðtÞ reduced mechanism curves to match the corresponding
skeletal mechanism ignition time, to find that the translated curves
coincide with those from the skeletal model. Experimentally, it is ob-
served [26] that tign is an extremely sensitive quantity function of T0

and even a 1�K change in T0 makes approximately 10% change in tign.
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Fig. 2. Similarity plots of parameter Nc=ð/� N�Þ versus h at (a) p0 ¼ 20 bar and (b) / ¼ 1 using the LLNL skeletal mechanism in conjunction with CHEMKIN II. T0 is in K.
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Thus, the accurate prediction of tign is a very stringent test for a mod-
el. From the modeling viewpoint, this means that the neglected

scales of the initial pre-ignition process must be reintroduced
through very careful modeling. This modeling is described next.
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Fig. 3. Oxygen and water molar densities versus h as extracted from the LLNL skeletal mechanism in conjunction with CHEMKIN II.
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3.3. Functional fits to emulate the LLNL skeletal mechanism

The functional fits necessary to complete the model fall into
two categories: fits for the rates Kh;KGi;RLi � KLi=KGi, for Nc;Cp;h

and for the Xi of the quasi-steady light species; and fits for the
slopes of the unsteady quantities No2, and Nh2o.

3.3.1. Fits for the rate quantities and quasi-steady light species molar
fractions

According to Eq. (14), to recover the value of T in the reduction
scheme, the heavy species model should focus on an appropriate
representation of Cp;h and Kh. Plots (not shown) of Cp;h at various
p0 values, calculated using the LLNL model over a wide range of
/, show that these curves exhibit a very modest variation over
the range of strong Nc decay; moderate (i.e. up to 50%) variation
occurs only after Nc values are very small to negligible. This indi-
cates that the T recovery is primarily governed by Kh as far as heavy
species modeling is concerned.

The model for Kh;KGi;RLi and Xi is constructed considering these
quantities as functions of T or h, with N�;/ and T0 being parameters.
Quantities Kh;KGi and Xi are split into a very low T region, i.e.
h 6 10�2, termed the incubation region in which there are very slow
changes; a low-rate portion corresponding to 10�2

6 h 6 0:2 that
exhibits a maximum, Kmx, and a minimum, Kmn; and a high
T; h P 0:2, high-rate portion termed the fast-rate region in which a
continuous increase is commonly observed. Conversely, RLi first
exhibits a minimum, and then a maximum. Thus, the functional fits
are performed in three separate regions, with connection constraints
between consecutive regions (the ultimate fits are piecewise
continuous).

Curve fits for h P 10�2 are generated utilizing either one of the
two following methods. In the first method, one uses a cubic trans-
formation, e.g. KGiðTÞ to yðTÞ, such that y ¼ �1 at the maximum
point and y ¼ 1 at the minimum point. Then values of T at fixed
y values are fitted in terms of parameters (T0;/;N

�); these values
then generate the continuous curve yðTÞ by interpolation of the
discrete values. Specifically, the non-monotonic 10�2

6 h 6 0:2 re-
gion behavior is captured by using a cubic functional mapping
from KðTÞ to yðTÞ through the form

KðTÞ ¼ 1
2
ðKmx þ KmnÞ þ

1
4
ðKmx � KmnÞðy3 � 3yÞ ð16Þ

where yðTÞ ¼ �1 at T ¼ Tmx which is the location of Kmx and
yðTÞ ¼ 1 at T ¼ Tmn which is the location of Kmn. In fact, the range
of y is from slightly smaller than �2 at T ¼ Ts (i.e. temperature at
which Kc � �dðln NcÞ=dt > 0Þ to y K 1:8. The values of
Kmx;Kmn; Tmx and Tmn are fitted as polynomials in parameters
lnðN�Þ; lnð/Þ and lnðTs=Tref Þ. Temperature TsðT0;N

�;/Þ is fitted as is
Tn defined as the T value at which y ¼ 0. Two different changes of
variables are made from yðTÞ to yðzÞ depending on how T compares
to Tn. For T < Tn, a variable z � ðTn � TÞ=ðTn � TmxÞ is defined, which
means that y ¼ �1 at z ¼ 1. To achieve the mapping, we first gener-
ate ðy; zÞ pairs which are functions of parameters lnðN�Þ; lnð/Þ and
lnðTs=Tref Þ. To match these pairs, a set of appropriate functions
(e.g. polynomials aþ bzþ cz2 þ � � �; power functions of type az;
and combinations of the two functional forms) is chosen to produce
the yðzÞ mapping. For T > Tn, i.e. y P 0, a similar procedure is used
for yðzÞ where now z � ðT � TnÞ=ðTmn � TnÞ. Beyond h P 0:2, for the
high-T region, lnðKÞ is fitted as a fifth order polynomial in hp where
p ¼ 1 for / 6 0:5 and p ¼ ð0:86þ 0:28/Þ=ð0:74þ 0:52/Þ for / > 0:5.
These polynomial coefficients are fitted in terms of lnðN�Þ; lnð/Þ and
lnðT0=Tref Þ.

In the second method, the T intervals before the maximum
point, between maximum and minimum point and after minimum
point are treated separately. Each of these intervals is divided into
equal T slices, and logarithm values at slice boundaries are func-

tionally fitted in terms of parameters ðT0;/;N
�Þ. The discrete set

of these equally spaced functional forms is used to generate, by
polynomial interpolation, the continuous function. This second
method is also used sometimes for the high-rate region fits. The
choice of the particular method for any i is determined by the over-
all results obtained in matching the input functions provided by
CHEMKIN II using the LLNL database.

The need to introduce a model to capture tign, as explained in
Section 3.2, as well as an extreme sensitivity of Kh on T0 (e.g.
Kh � T21

0 for h ’ 10�3Þ meant that special care should be devoted
to reproduce this dependency. Thus, we developed functional fits
to the slopes dKh=dT at T0 and made corresponding adjustments
to the rates at hK 10�1. These turned out to be insufficient to
reproduce tign, and an adjustment was introduced to the initial
slope for Kh (for h < 10�2) by using a multiplying factor determined
by trial-and-error calculations, so as to best match the reduced
model predictions compared to those of the skeletal mechanism.

This model was used for Kh, for the quasi-steady gain rates KGi

(where i stands for CO2; H; CO; H2; CH4; H2O2; C2H2; C2H4;

CH2O), for the quasi-steady loss rate RLi (where i stands for H
and H2, this rate being null for the other light species) and for
the quasi-steady light species molar fractions XiðO; CH;
CH2; CH3; HO; HCO; HO2; HC2; C2H3Þ.

Selected plots of Kh are presented in Fig. 5; KGh2 and KGh are dis-
played in Fig. 6 and the ratio RLi is correspondingly illustrated in
Fig. 7 for i ¼ H and i ¼ H2. The rates Kh exhibit a variation by as
much as seven orders of magnitude, and the task of developing
curve fits over this extended regime in the four parameter space
ðT0;/;N

�; hÞ is far from trivial. Despite the difficulty of developing
accurate curve fits, the agreement between the fits and the LLNL
skeletal mechanism in excellent to good over p0 2 ½10;40	 bar,
T0 2 ½600;800	 K and / 2 ½1=2;4	 and even extends to values as
small as / ¼ 1=4 (not shown). The same comments hold for KG
and RL. Discrepancies between fits and the LLNL skeletal mecha-
nism past h ’ 0:6 are unimportant for the reduction concept since
Nc=Nc;0 
 Oð1Þ past that station.

For the quasi-steady species, we chose to display No because of
the high reactivity of the O radical and Noh because the OH species
is generally considered as indicative of the flame location. The
quantities Ni were computed as Ni ¼ XiNL where NL ¼

P
i2lightsNi;

thus, the computation of No and Noh is performed in conjunction
with the calculated total light species molar density that includes
the computation of the light unsteady species using the model of
Section 2.2.2 for the interaction between heavy and light species.
The results are presented in Fig. 8 and show that the agreement be-
tween fits and the skeletal mechanism is generally very good,
including some extreme / values in the lean regime, however,
some exceptions occur in the very rich, / ¼ 4, cases illustrated in
Fig. 8e and f. It is apparent that for / ¼ 4 the model cannot repro-
duce the multiple valued aspect of the skeletal mechanism that is
due to the non-monotonic behavior of TðtÞ for those cases. We
attribute this lack of agreement of the reduced model with the
skeletal mechanism to inaccuracies in the fits.

3.3.2. Fits for No2 and Nh2o

Two quantities that constrain the evolution of No2 and Nh2o are
the initial value, Ni

o2, and the asymptotic value Na
h2o. Thus, fits for

No2 and Nh2o were constructed as follows:

No2=Ni
o2¼
: maxð1:0� Ao2 � h;0:0Þ; ð17Þ

Nh2o=Na
h2o¼

: minð1:0;Ah2o � hÞ; ð18Þ

and the slopes Ao2 and Ah2o were fitted as

Ao2 ¼ Co2ð/; T0Þ � /� ðN�Þ0:05

Ah2o ¼ Ch2oð/; T0Þ � ðN�Þe
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where eð/Þ ¼ 0:2� /� expð�1:4/Þ 6 0:0525. To compute functions
Co2ð/; T0Þ and Ch2oð/; T0Þ, a set of / values is first chosen. For a spec-
ified value in the set, Co2ð/; T0Þ and Ch2oð/; T0Þ are fitted as a polyno-
mial function (up to quadratic) of T0=Tref . To obtain values for
arbitrary /, an interpolation is performed over / using Co2 and
Ch2o values at the specified / values in the chosen set.

Fig. 9 shows an example of the obtained fits versus the LLNL
skeletal mechanism. The agreement ranges from excellent to
good and is typical of that obtained over a wide range of
ðT0;/;N

�Þ.

3.4. Model predictions

The model predictions consist of the timewise temperature evo-
lution TðtÞ, tign as extracted from the TðtÞ profile, and the timewise
evolution of the unsteady light species with the exception of O2

and H2O which are modeled as shown in Section 3.3.2.

3.4.1. Temperature profiles
Displayed in Fig. 10 are the reduced model predictions com-

pared to those of the skeletal mechanism, spanning a wide range
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Fig. 5. Kh versus h for different conditions. Symbols represent selected data from the LLNL runs; lines represent the corresponding fits. T0 is in �K and p0 is in bar.
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of / values and two values of each T0 and p0. Although tign is
well predicted for all cases, the ultimate combustion tempera-
ture is not well predicted at very lean conditions ð/ ¼ 1=4Þ or
relatively low pressure (i.e. p0 ¼ 10 bar). These inaccurate predic-
tions of the reduced model are attributed to lack of accuracy of
the mathematical curve fits and indicate, together with the con-
clusions for O and OH predictions at / ¼ 4, that perhaps a better
strategy than fitting would be to use the ideal model discussed

in Section 3.2. As highlighted in Section 3.2, the reduced kinetics
with the ideal model predicts T very well; the comparison with
the skeletal mechanism showed that only the ignition time was
not well predicted. On the favorable side for the results of
Fig. 10, at the high temperature conditions representative of die-
sel, gas turbine and HCCI engines, the model performs very well;
the same holds for the very rich conditions (e.g. / ¼ 4) at which
soot forms.
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3.4.2. Ignition times
The success of the adjusted initial Kh slopes instrumental in pre-

dicting tign is shown in Fig. 11. Noteworthy, the ordinate axis is the
typical logarithmic one [27] for Fig. 11a and b, but it is here linear
for Fig. 11c, so deviations between reduced model and skeletal
mechanism observed in Fig. 11c are indeed logarithmically very
small. The predictions in Fig. 11 are excellent over a wide range

of T0 including as low a temperature as 600 K, over a range of /
including mixtures as rich as / ¼ 4, and as lean as / ¼ 1=3 and
p0 from 10 to 40 bar.

3.4.3. Predicted unsteady species
The prediction of several unsteady light species is illustrated in

Figs. 12 and 13. These results are obtained from solving Eq. (6) with
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the modeled Ri. The NiðhÞ is computed from NiðtÞ and TðtÞ, which
allows computing hðtÞ.

We chose to display Nh and Nh2 because they both depend on
the KG and RL fits, and thus they provide a stringent test of the
model given the possibility of additive error. Nco is chosen since
CO is one important product of incomplete combustion. Nch4 is se-
lected as a representative intermediary in the oxidation process. As
discussed above, only prediction up to h ’ 0:6 should be consid-

ered, as past that station the reaction is practically finished since
Nc ’ 0 according to Fig. 2.

Generally, the agreement between the reduced model and the
skeletal mechanism is good, including at p0 ¼ 10 bar for which
the combustion temperature was not well predicted. The lean re-
gion (as lean as / ¼ 1=3) is much better reproduced by the model
than the rich region for which exceptions from the good predic-
tions occur at / ¼ 4 for all Nh; Nh2; Nco and Nch4 as the multivalued
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Fig. 8. Modeling results for the quasi-steady molar densities No and Noh and comparison with those of the skeletal mechanism at various T0;p0 and / conditions.
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region is not captured in Fig. 12e and f, or Fig. 13e and f. The inac-
curacies at / ¼ 4 are conjectured to rise from the imperfect curve
fits and indicate again that the ideal model instead of the fits
should be considered in the future. Also, the results seem to be
slightly more accurate with increasing T0.

4. Discussion

The goal of the presented kinetic reduction was to pragmatically
reduce the skeletal n-heptane mechanism to the smallest possible

set of progress variables that still accounts for the multiple time
scales occurring in the NTC regime which cannot be reproduced by
a one-step reaction. While current advanced kinetic reduction
schemes having Oð50Þ species-related progress variables (e.g. [28])
have been proposed for the typical range / ¼ ½0:5;1:0;1:5	, compact
reduced n-heptane kinetic schemes are already available in the liter-
ature, but they also have only been illustrated for a reduced / range.
For example, Pitsch and Peters [29] constructed a reduced n-heptane
kinetics scheme for 16 species as progress variables but for
/ ¼ ½0:5;1:0;2:0	 which is a range much narrower than that used
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Fig. 9. No2 and Nh2o versus h at fixed p0 ¼ 10 and 40 bar for / ¼ 1 and T0 ¼ 700 and 800 K.
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Fig. 10. TðtÞ as predicted by the reduced model compared to the LLNL skeletal mechanism predictions for a variety of conditions.
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in the present study, and Montgomery et al. [30] utilized in their re-
duced n-heptane mechanism from 28 to 37 progress variable species
to simulate the ignition delay for / ¼ 1. Our model only needs 9 pro-
gress variables, extends to a much wider / range than the previous
reduced schemes and predicts tign very well; although the success
in predicting some species for very rich cases, such as / ¼ 4, is less
than desired and the combustion temperature is not well predicted
over the entire parametric range. This lack of complete success is
attributed to the imperfect mathematical fits over a very wide para-
metric range involving the four variables ðT0;/;N

�; TÞ. To improve
the predictions, two avenues are possible for the future. The first pos-
sibility would be to improve the accuracy of the functional fits. The
second possibility would be to use the ideal model extracted for
our concept from the LLNL mechanism using CHEMKIN II. The incli-
nation at this point would be to take the second avenue both because
of accuracy and because the ideal model would be very efficient
since it would only have to be read in once at the beginning of the
computation.

5. Summary and conclusions

A kinetic reduction model has been developed that is based on
the concept of constituents representing the evolution of all heavy
species, and on light species representing the complementary
chemistry to that of heavy species. The constituents are found
through a mathematical decomposition of the heavy species and
their global molar density is quasi-steady. The fact that the constit-
uents rather than the heavy species are important can be directly
traced to the fact that the heavy species decompose and it is the
reaction of these products of decomposition that matters for the
energetics. The light species fall into two categories: quasi-steady,
for which no differential equation must be solved, and unsteady

light species which are progress variables. A thorough examination
of the LLNL skeletal mechanism for n-heptane revealed that it is
possible to empirically define a similarity variable which is func-
tion of the initial temperature, initial pressure and equivalence ra-
tio, and for which a scaled total constituent molar density exhibits
a self-similar behavior across initial temperatures in the cold igni-
tion regime, initial pressures and equivalence ratios. The signifi-
cance of this finding is that there is a reduction in the
dimensionality of the problem and that the total constituent molar
density could be fitted as a function of the representative thermo-
dynamic variables. Thus, just like in ILDM, we found a lower-
dimensional manifold which is, however, different from that found
in ILDM because it is of a more coarse-grained nature. Further
examination of the skeletal mechanism revealed that the molar
density of oxygen and that of water displayed a quasi-linear varia-
tion with the similarity variable over the entire range of parame-
ters surveyed. The suggestion was that the molar densities of
these two unsteady light species could be functionally modeled
rather than computed from differential equations. The equation
determining the temperature evolution was cast in the form corre-
sponding to the global-constituent concept, thus identifying the
quantities which must be mathematically fitted.

The concept was tested by using the LLNL skeletal mechanism
in conjunction with CHEMKIN II. That is, instead of a model con-
sisting of functional fits, we used an ideal model represented by ta-
bles extracted from the LLNL skeletal mechanism in the form
needed in our conceptual model. Our conceptual model was found
to be sound, but the ignition time it predicted was too long com-
pared to the template. The meaning of this discrepancy is that
the neglect of the chemical processes during the initial time of very
small temperature changes results in the overprediction of the
ignition time. The situation is equivalent to turbulent modeling
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using the Large Eddy Simulation (LES) concept in which the spatial
filtering of scales results in the need to re-introduce the effect of
these small scales through models. Following the LES modeling
philosophy, a small-scale model was developed and implemented
at temperatures very close (1–2 �K) to the initial temperature, to
be used with the conceptual model.

Moreover, also paralleling the LES concept, fits in functional
form were developed for the sensible enthalpy production due to

the constituents’ reaction, for the quasi-steady light species mole
fractions and for the reaction rate of the unsteady light species.
The reaction rate of each unsteady light species was decomposed
into contributions from the lights that were directly taken from
the LLNL skeletal mechanism, and contributions from the heavy
species that were modeled. The heavy species rate contribution
was further categorized into a gain rate and a loss rate, which were
individually modeled. The modeling effort was by no means trivial
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Fig. 12. Predictions of the reduced model for Nh and Nh2 compared to those of the skeletal mechanism at various T0; p0 and / conditions.
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as the rates and molar fractions varied by as much as seven orders
of magnitude and this variation needed to be captured in the four
parameter space of the initial pressure, the initial temperature, the
equivalence ratio and the temperature.

The consequence of providing functional fits over a wide range
of equivalence ratios encompassing mixtures as rich as / ¼ 4 and
as lean as / ¼ 1=4 was that generally the fits were good to excel-

lent, but sparse regions of only fair results could also be identified.
The ignition times were excellently to very well reproduced by the
model, and so were some major species (e.g. O2 and H2 O). Other
major species (e.g. CO) and OH, which is an indicator of the flame
location, were generally well reproduced with the exception of
very rich situations (i.e. / ¼ 4). The value of the final combustion
temperature was generally but not always well predicted. To
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Fig. 13. Predictions of the reduced model for Nco and Nch4 compared to those of the skeletal mechanism at various T0;p0 and / conditions.
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improve the quality of the predictions where lacks were identified,
it was suggested to use in the future the ideal model provided by
the tables extracted from the LLNL mechanism using CHEMKIN II.

Finally, since results for most reduction schemes are presented
in a much more restricted / region than the / 2 ½1=4;4	 considered
here, it is difficult to directly evaluate our model with respect to
other models. It is understood that for any given model, predictions
will improve if a less ambitious validity regime is considered.
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a b s t r a c t

A previously described methodology for deriving a reduced kinetic mechanism for alkane oxidation and
tested for n-heptane is here shown to be valid, in a slightly modified version, for iso-octane and its mix-
tures with n-pentane, iso-hexane and n-heptane. The model is still based on partitioning the species into
lights, defined as those having a carbon number smaller than 3, and heavies, which are the complement
in the species ensemble, and mathematically decomposing the heavy species into constituents which are
radicals. For the same similarity variable found from examining the n-heptane LLNL mechanism in con-
junction with CHEMKIN II, the appropriately scaled total constituent molar density still exhibits a self-
similar behavior over a very wide range of equivalence ratios, initial pressures and initial temperatures
in the cold ignition regime. When extended to larger initial temperatures than for cold ignition, the
self-similar behavior becomes initial temperature dependent, which indicates that rather than using
functional fits for the enthalpy generation due to the heavy species’ oxidation, an ideal model based
on tabular information extracted from the complete LLNL kinetics should be used instead. Similarly to
n-heptane, the oxygen and water molar densities are shown to display a quasi-linear behavior with
respect to the similarity variable, but here their slope variation is no longer fitted and instead, their rate
equations are used with the ideal model to calculate them. As in the original model, the light species
ensemble is partitioned into quasi-steady and unsteady species; the quasi-steady light species mole frac-
tions are computed using the ideal model and the unsteady species are calculated as progress variables
using rates extracted from the ideal model. Results are presented comparing the performance of the
model with that of the LLNL mechanism using CHEMKIN II. The model reproduces excellently the tem-
perature and species evolution versus time or versus the similarity variable, with the exception of very
rich mixtures, where the predictions are still very good but the multivalued aspect of these functions
at the end of oxidation is not captured in the reduction. The ignition time is predicted within percentages
of the LLNL values over a wide range of equivalence ratios, initial pressures and initial temperatures.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

Chemical kinetics simplification has generally followed several
approaches. Examples are the approach where the elementary
mechanism is reduced in a specified form which persists during
an entire computation (e.g. Müeller et al. [1], Bollig et al. [2], Sung
et al. [3] and Li et al. [4]), or where tabulations storing the change
in the state vector over a time interval for later utilization (e.g.
(PRISM) [5], (ISAT) [6]) are produced, or where the simplification
in rate path description according to an intrinsic low-dimensional
manifold ((ILDM) [7]) is performed. Kinetics reduction either
through automatic reaction and species elimination [8] or through
optimally reduced kinetic models [9] has also been proposed. Con-

sidering the importance of accurately predicting the ignition time
and the fact that it is a very sensitive function of the initial temper-
ature [10], the goal of most approaches has been its accurate pre-
diction, although reproducing the temperature and species
evolution is also important, particularly when pollutants are of
interest.

This study presents results of a model which is in the frame-
work of both kinetic reduction and storage of information for later
utilization, and proposes a relatively compact yet accurate model.
This model is based on the kinetic reduction proposed by Harstad
and Bellan [11] through constituents and species; this reduction
has been so far tested only for n-heptane. Although the present
model adopts the same viewpoint and shows that the similarity
variable found for n-heptane holds for iso-octane and its mixtures
with n-pentane, iso-hexane or n-heptane, the extension of the pre-
vious model to higher initial temperatures than in the cold ignition

0010-2180/$ - see front matter � 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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regime warrants some slight revisions. The model and its revisions
are described in Section 2. Following the model exposition, is a pre-
sentation in Section 3 of the predictions from the reduced model
which are compared for iso-octane and Primary Reference Fuels
(PRFs), i.e. mixtures of iso-octane and n-heptane, to the corre-
sponding full LLNL mechanism [12] in conjunction with CHEMKIN
II. Finally, in Section 4 a summary is offered and conclusions dwell
on the impact of this modeling approach.

2. Conceptual model

2.1. Summary of the n-heptane model

In the conceptual model of Harstad and Bellan [11], the species
are partitioned into heavies (carbon number, n P 3) and lights (the
remaining of the set). The model was developed using the LLNL
skeletal mechanism (160 species and 1540 reactions). The heavies
can be either radicals or stable species. The lights are oxygen, nitro-
gen, the final combustion products and light radicals/molecules
(e.g. CH3, CH4, H2O2). The heavies are not treated as a species set,
but as a set of base constituent radicals which correspond to radi-
cals from group additivity theory [13]. Although sometimes lights
and constituents, both of which are radicals, may have the same
chemical formula, the difference between constituents and these
light species is that the later are unbound to other chemical enti-
ties, whereas the former are bound to other chemical entities, i.e.
other constituents. For each constituent k, its molar density, Nk,
is the sum, over all heavy species, of the count of the constituent
in each heavy species multiplied by the molar density of that spe-
cies. The element compositions of the constituents are not linearly
independent, but the constituents are linearly independent. Thus,
the constituents are independent structural elements which have
individual valence bond topologies; the constituents are not just
based on atom counts.

For each heavy species, and thus for the entire set of heavy spe-
cies, there is a unique and complete set of constituents. The subset
of constituents that have a very small contribution to the total con-
stituent count having molar density Nc, is replaced by the comple-
mentary subset of constituents already accounted for in Nc. The
rule for replacement is that each constituent having a small contri-
bution to Nc is replaced by one having, first, close valence structure
and second, close composition to the constituent neglected. After
this replacement, one obtains an optimal Nk set. For n-heptane, the
following thirteen constituents, CH2, CH3, CH, C2H3, C2H2, C2, HC2,
CO (keto), HCO, HO, HO2, OO, O, constitute the optimal constituent
set and

Nc �
X13

k¼1

Nk: ð1Þ

Furthermore, the pressure variable p, was replaced by a dimen-
sionless molar density

N� � Nn2

Nref
; ð2Þ

for N2, where the reference N2 molar density is Nref = 31.5 mol/m3

for dry air value at pressure pref = 1 bar and Tref = 298.15 K. Indeed,
for oxidation in air, N2 is the dominant species and thus N* is a sur-
rogate variable for p. The N* value is reaction-rate invariant since no
NOx mechanism is considered at this early stage of model develop-
ment and N2 is inert.

With the goal of obtaining a normalized variable h such that at
approximately the same value of h, Nc has been consumed in the
reaction for all initial conditions (except for rich situations), the
LLNL skeletal mechanism was exhaustively examined to propose

h � T � T0

Trð/;N�Þ
; ð3Þ

Tr � 2065ðN�Þ0:06wð/Þ; ð4Þ

wð/Þ ¼ /
1:5þ 1:31/

1þ 0:71/þ 1:1/2 ; ð5Þ

as the result of the search, where T is the temperature, T0 is the ini-
tial temperature (subscript 0 denotes the initial condition) and / is
the equivalence ratio. It was shown by Harstad and Bellan [11] that
indeed Nc decreases by three orders of magnitude upon reaching
h J 0.6, which ensures that all h values remain below unity for
all calculations. Moreover, for a wide range of p0, T0 in the range
[600,900] relevant to the cold ignition regime, and / 2 [1/4,4], all
curves Nc/(/ � N*) as a function of h nearly coincided, showing a
self-similar behavior. This self-similar behavior was exploited in
that mathematical fits of this curve replaced the otherwise needed
computations for Nc(h).

The light species were categorized into a quasi-steady subset
comprising the O, CH, CH2, CH3, HO, HCO, HO2, HC2, C2H3 radicals.
The radicals’ mole fractions, Xi, were fitted as functions of the state
variables (/,N*,T) and the modeling parameter T0. The complemen-
tary subset to the quasi-steady species was that of the unsteady
species consisting of H2O, CO2, O2, H, CO, H2, CH4, H2O2, C2H2,
C2H4, CH2O. Because the LLNL skeletal mechanism showed that
the mole fractions of O2 and H2O were quasi-linear functions of h
in the wide range of (p0,/,T0) here investigated, the approach
was to functionally fit the slope of these two mole fractions versus
h, so that the only remaining species progress variables were CO2,
H, CO, H2, CH4, H2O2, C2 H2, C2H4, CH2O. The reaction rates of un-
steady light species were conceptualized as

Ri �
dNi

dt

� �
reac
¼ dNi

dt

����
heavies

þ dNi

dt

����
lights

; ð6Þ

where the first term expressing the contribution to the lights from
the heavy group was modeled and the second term in the right
hand side used the same rates as in the LLNL skeletal mechanism.
Further, for the first term,

dNi

dt

����
heavies

¼ NcðKGi � XiKLiÞ; ð7Þ

where KGi and KLi are functions of (T0,/,N*,T) that were modeled
consistently with the heavy species model.

Finally, the temperature evolution was computed from

NcCp;h þ
X

i2lights

Cp;iNi

 !
dT
dt
¼ �

X
i2lights

hiRi þ NcðRuTref ÞKh; ð8Þ

in which Ru is the universal gas constant and

Cp;h �
P

l2heaviesCp;lNl

� �
Nc

; ð9Þ

Kh � �
X

l2heavies

hlRl

 !
1

RuTref Nc
; ð10Þ

were mathematically modeled as a function of (T0,/,N*,T). For each
light species Cp was modeled as

Cp

Ru
¼ ah þ bh ln

T
Tref

� �
ð11Þ

and values for ah and bh were provided in [11].
Thus, the model required functional fits for the molar density

Nc, molar density slopes for O2 and H2O, Xi of the quasi-steady light
species, KGi and RLi � KLi/KGi for the unsteady light species, and Kh,
all as functions of h in the parametric space (T0,/,N*,T).
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2.2. Application of the n-heptane conceptual model to iso-octane and
its mixtures

When applying the above described conceptual model to an-
other alkane than n-heptane, the first question which must be
asked is whether the number and list of constituents, particularly
the optimal set of constituents, remains the same as for n-heptane.
Examination of the LLNL full mechanism for iso-octane (857 spe-
cies and 3606 reactions) revealed that there is an additional con-
stituent, the carbon atom C, which must be included in the
optimal set because its molar density was found to be significant,
so that now

Nc �
X14

k¼1

Nk: ð12Þ

We show in Sections 2.2.1 and 2.2.3 that by adopting the defi-
nition of Eq. (12), we can accommodate not only iso-octane, but
also mixtures of iso-octane with n-pentane, iso-hexane, and n-hep-
tane, that h as defined by Eq. (3) remains a similarity variable but
now for Nc as defined by Eq. (12), and that the molar densities of O2

and H2O also display a quasi-linear variation with h (for / = 2 and 4
the Nh2o quasi-linearity only holds up to its maximum value), just
like for n-heptane.

The model of Section 2.1 was tested in [11] for n-heptane in the
T0 range relevant to cold ignition, but it is obviously desirable to
extend this model, if possible, to the higher value T0 regime. In Sec-
tions 2.2.2 and 2.2.3, we show that an additional, slight modifica-
tion to the model of Section 2.1 makes the modified conceptual
representation also valid in the higher than cold ignition T0 regime.

2.2.1. Iso-octane in the cold ignition regime
In Figs. 1 and 2, Nc/(/ � N*), molar densities of O2 and H2O (No2

and Nh2o) are illustrated from the LLNL full mechanism [12] in con-
junction with CHEMKIN II for the same conditions as in the respec-
tive Figs. 2 and 3 of Harstad and Bellan [11] obtained for n-heptane.
Clearly, Nc/(/ � N*) remains self-similar with h, and No2 and Nh2o

remain quasi-linear with h (for Nh2o up to its maximum value;
for / = 2 and 4 after the Nh2o maximum value, the curve is multi-
valued with respect to h). Visual examination of curves in Figs. 1
and 2 compared to Figs. 2 and 3 of [11] indicates that the curves
from the respective figures are superimposable, confirming the
similarity concept. Considering iso-octane and n-heptane, when

moving on the Nc/(/ � N*) curves to increasing h values, the impli-
cation is that heavy species pyrolysis, decomposition and corre-
sponding light species production occur in similar manner for the
two fuels.

Further examination of the LLNL full mechanism [12] in con-
junction with CHEMKIN II revealed that the molar density produc-
tion rate of O2, H2O, H and H2 from the heavy species, as shown by
Eq. (7), is now governed by KGi alone, unlike the finding for n-hep-
tane. Since O2 and H2O are conceptually computable using the qua-
si-linear form shown in Fig. 2 and since in absence of diffusive
mixing the molar density of H is quasi-steady, the n-heptane
form of the reduced model is simplified for iso-octane by using
Knet,i � (KGi � XiKLi) which are functions of (T0,/,N*,T). All other
unsteady light species also have KLi ’ 0, as for n-heptane.

2.2.2. Iso-octane in the high-temperature regime
To reveal the applicability of the conceptual model to higher

than cold ignition T0 values, results are displayed in Fig. 3a show-
ing Nc/(/ � N*) versus h for T0 up to 1200 K, as extracted from the
LLNL full mechanism [12] using CHEMKIN II. Clearly, for
T0 = 1000 K and 1200 K, the values depart from the narrow band
in the T0 2 [600,800] K regime. In particular, we observe an in-
crease in the initial slope of Nc/(/ � N*) versus h with increasing
T0, consistent with the increasing pyrolysis rate, as found by Yu
et al. [14]. However, similarity still exists at fixed T0 as shown in
Fig. 3b, where it is shown that for T0 = 1200 K the Nc/(/ � N*) val-
ues plotted versus h at various p0 and / nearly collapse on each
other. Thus, the similarity concept still holds at higher T0 but in-
stead of obtaining a single Nc/(/ � N*) curve versus h, there is
now a family of curves parametrized by T0. Extension of the n-hep-
tane model [11] to incorporate this new aspect is discussed in
Section 3.

2.2.3. Primary reference fuels
A sample of results similar to those shown in Section 2.2.1 is pre-

sented here to highlight the fact that the similarity concept remains
valid for PRFs. Two mixtures are chosen to illustrate the applicabil-
ity of the concept: (90% iso-octane)/(10% n-heptane) and (50% iso-
octane)/(50% n-heptane). Information extracted from the LLNL full
mechanism [12] using CHEMKIN II is exhibited for Nc/(/ � N*)
versus h in Fig. 4; the quasi-linear behavior of No2 and Nh2o versus
h still holds but is not illustrated for the purpose of brevity. The re-
sults show that whether for (90% iso-octane)/(10% n-heptane) or
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Fig. 1. Similarity plots of parameter Nc/(/ � N*) versus h for iso-octane oxidation in the cold ignition regime at (a) T0 = 800 K, p0 = 40 bar and (b) / = 1 (T0 is in K and p0 is in
bar) using the LLNL full mechanism in conjunction with CHEMKIN II.
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(50% iso-octane)/(50% n-heptane), the self-similarity holds very
well over the entire range of h, except for very rich mixtures for
which as h increases there is a departure from the typical behavior
since the reaction is incomplete; this departure occurs at smaller h

with increased /. Moreover, in Fig. 5 is an example of self-similarity
at higher T0 for the (90% iso-octane)/(10% n-heptane) mixture,
showing that the behavior identified for iso-octane holds well
for PRFs.
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Fig. 2. Oxygen and water molar densities versus h for iso-octane oxidation in the cold ignition regime as extracted from the LLNL full mechanism in conjunction with
CHEMKIN II. T0 is in K and p0 is in bar.
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2.2.4. Mixtures of iso-octane and n-pentane or iso-hexane
Mixtures of iso-octane and n-pentane or iso-hexane display the

same behavior as iso-octane and PRFs. In the interest of brevity, the
corresponding plots are not shown, but the predictive capability of
the model for such mixtures is addressed in Section 3.3.

3. Results

The extension of the conceptual model to higher T0 values than
for cold ignition, showing now a families of similarity curves
according to T0, leads to making the choice between either corre-
spondingly extending the functional fits of [11] to encompass this
new T0 regime or using the ideal model provided by the LLNL full
mechanism in the form of tabular input for the conceptual model.
We chose the second option both as a shortcut to investing addi-
tional time in functional fitting and as a necessarily more accurate
alternative to the fits. The ideal model is read only once in the code,
at the beginning of the computation, and is in tabular form; during
the computation, instead of accessing a function as was done in
[11], one accesses a table. The functions needed for the reduced

model are calculated by cubic interpolation in T from the tables,
each obtained at fixed (T0,/,N*).

The listed tabular information consists of numbers for T, Nc,
quasi-steady light mole fractions Xi, Cp,h as defined by Eq. (9), Knet,i

and Kh, all computed from the LLNL full mechanism [12] in con-
junction with CHEMKIN II. The tables are obtained for fixed values
of (T0,/,N*,T) with specified increments in T. Particular attention
was devoted to T value increments in the T 6 T0 + 5 K regime since
T may decrease a few K (especially for rich mixtures) during the
initial time when heavy species pyrolysis occurs, and since the
reaction spends a relatively long time in this T regime. The first en-
try for any table is a t-averaged value over an interval up to the t
value corresponding to h ’ 2 � 10�6. Further table entries in this
T 6 T0 + 5 K regime involve two nested criteria to determine the T
frequency of the entries. In a first step, table values were generated
for T with the goal of computing a table entry when (T � T0) is close
to 0.1, 0.2, 0.3, 0.5, 1.0, and 2.5 K. For each output T, as one marches
in t during the full model calculations, the corresponding h value
was calculated and the second criterion was based on the differ-
ence between the h value corresponding to this T and the value
of h corresponding to the previous table value of T. At each occur-
rence when this difference had a value equal or larger than 10�4, an
additional table entry was generated for (T � T0) 6 5 K. However,
once (T � T0) ’ 2.5 K was reached, only the criterion based on the
difference between h values was used until (T � T0) ’ 5 K was
reached. After (T � T0) ’ 5 K, tables were produced at 5 K incre-
ments. The most frequent table entries in the T 6 T0 + 5 K regime
were required for either larger T0 values or lean mixtures.

The reduced model computations use the LLNL specified ther-
modynamic properties for the light species. The species progress
variables are the eleven unsteady light species H2O, CO2, O2, H,
CO, H2, CH4, H2O2, C2H2, C2H4, CH2O.

Comparisons are presented below between the reduced model
predictions and those of the LLNL full mechanism [12] in conjunc-
tion with CHEMKIN II. The full model was exercised on a single
processor of a supercomputer which had a speed 100 times faster
than that of a personal computer on which the reduced model was
run. Despite the speed advantage, the full model still required run
times which were one to two orders of magnitude larger than the
reduced model.

Results are presented here from three perspectives: the recov-
ery by the reduced model of the molar density of important
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species, the reproduction of T(t), and the prediction of the ignition
time, tign.

3.1. Iso-octane

In Fig. 6 are displayed the molar densities of H, O, OH and CO as
a representative sample of the results. H and O are highly reactive
radicals, OH is generally used to indicate the location of the flame,
and CO is a major product of incomplete combustion. The results

are generally excellent over the wide range of / = [1/4,4] (Fig. 6a,
c, e and g) and the model even captures the turnover of the curves
at large h when the reaction is nearly completed. In the rich range,
the model also captures the turnover of the curves for the incom-
plete reaction, but any multivalued aspect, if it occurs, is not repro-
duced. Such lack of complete fidelity is unavoidable in reduced
models, as information is discarded in the reduction process. The
reduced model is also very successful over the range of p0 investi-
gated, as can be seen in Fig. 6b, d, f and h.
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The prediction of T(t) is illustrated in Fig. 7 for the same condi-
tions as those in Fig. 6. The temperature evolution and the maxi-
mum achieved are very well predicted by the reduced model
over the entire range of / values (Fig. 7a). A slight exception is
the T drop in the rich regime after the maximum T achieved, which
is directly connected to the uncaptured multivalued aspect with
respect to h discussed in conjunction with Fig. 6. The decrease of
T at the end of rich combustion is due to thermal energy loss
resulting from continued heavy species reactions which are not
captured by the reduction concept; since this occurs at the end
of combustion, it is expected that prediction of tign values will
not be affected by the disparity. For the leanest case studied, the
final T is slightly overpredicted and tign is slightly underpredicted.

Finally, the tign prediction is shown in Fig. 8 for a wide range of
T0, p0 and /. In all cases, the quantitative aspect of the prediction
ranges from very good to excellent, indicating that the slight
underpredictions observed in Fig. 7 are indeed minor. In particular,
the Negative Temperature Coefficient (NTC) region is excellently
captured, and the ratio of the predicted value by the reduced mod-
el to that from the full model is within percentages rather than
multiplying factors.

3.2. Iso-octane/n-heptane mixtures

To highlight the flexibility of the model in computing kinetics
for PRFs, we present here detailed results for two PRF mixtures
of very different compositions.

3.2.1. Ninety percent iso-octane/ten percent n-heptane
Figure 9 displays comparisons between the reduced and full

models over a wide range of T0 and p0 values. For all runs the pre-
dictions of the reduced and full models coincide. Of note is the Nc/
(/ � N*) versus h behavior according to families of T0 (Fig. 9a) and
the lack of self-similarity of Nc alone versus h (Fig. 9b); indeed, only
the normalization Nc/(/ � N*) leads to self-similarity versus h. To
highlight the capabilities of the reduced model, illustrated in
Fig. 10 are the molar densities of O2 and H2O over a wide paramet-
ric range. In all cases with the exception of the very rich cases, No2

and Nh2o are excellently predicted. Even for the very rich cases, the
prediction is still very good and the model captures the turnover in
the curves, however, the multivalued aspect is missed, just as for
iso-octane, a fact which is again traced (see below) to the incapa-
bility of the kinetic reduction to reproduce the decreased T at the

end of combustion. The Nco results shown in Fig. 11 emulate those
for No2 and Nh2o in that the results are excellent with the exception
of the very rich cases for which they are still very good. Finally, a
sample of the No and Noh predictions is exhibited in Fig. 12 showing
again the high fidelity of the predictions.

In Fig. 13a and c the temporal variation of T is shown from our
reduced model for the (90% iso-octane)/(10% n-heptane) mixture
oxidation and compared to the full model results. Similarly to
the iso-octane results, the ultimate value of T is excellently pre-
dicted, but there is an underprediction of tign that increases with
decreasing p0; that is to say that the best predictions are at high
pressure which is the regime of choice for the operation of diesel,
gas turbine and HCCI engines. As stated above, for the very rich
cases, the temperature decrease at the end of combustion is not
captured, which explains the lack of complete accuracy in predict-
ing the molar densities in that regime. Finally, tign is illustrated for
this PRF mixture in Fig. 14a, c and e over a range of T0 2 [600,1200]
K (the plots are versus 1000/T0 to emulate similar plots for other
reduced kinetics in the literature), p0 2 [10,50] bar and / = [1/
4,4]. The general observations are that the predictions as a function
of T0 are excellent and capture with high fidelity the NTC region,
and those versus p0 and / are excellent for high p0 and stoichiom-
etric and lean mixtures. A slight deterioration is observed for small
p0 and large /, but even in those cases the ratio of the prediction by
the reduced model to that by the full model is only within percent-
ages. Moreover, the results versus p0 are plotted using a regular
rather than logarithmic axis, and thus indeed the deviation from
the full model predictions is very small.

3.2.2. Fifty percent iso-octane/fifty percent n-heptane
The results for the (50% iso-octane)/(50% n-heptane) mixture

are similar to those for the (90% iso-octane)/(10% n-heptane) mix-
ture, and thus we only show some examples to document the re-
duced model capabilities. Presented in Fig. 15 are No2 and Nh2o;
displayed in Fig. 16 are the molar densities of the two radicals O
and H and the light species H2; exhibited in Fig. 17 are the molar
densities for the flame indicator radical OH and the product of
incomplete combustion CO. All evaluations for the (90% iso-oc-
tane)/(10% n-heptane) mixture remain valid for the (50% iso-oc-
tane)/(50% n-heptane) mixture.

For comparison with the (90% iso-octane)/(10% n-heptane) mix-
ture, T(t) is plotted in Fig. 13b and d and tign in Fig. 14b, d and f.
Compared to the predictions for (90% iso-octane)/(10% n-heptane),
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those for (50% iso-octane)/(50% n-heptane) are somewhat less
favorable in the cold ignition regime and also versus the entire
range of p0, although they are still very good; the same quality as
for the (90% iso-octane)/(10% n-heptane) mixture is maintained
versus /.

As a last test, tign is plotted in Fig. 14g versus the mole fraction of
iso-octane in the fuel, Xoct, on a regular (rather than logarithmic)
axis and the predictions become better with decreasing Xoct,
although even for Xoct = 1 they are still very good.

3.3. Iso-octane/n-pentane and iso-octane/iso-hexane mixtures

Since species and temperature predictions are less sensitive to
modeling errors than ignition times, for brevity, we only focus here
on tign since any inaccuracies in the model are magnified when pre-
dicting this quantity. In Table 1 are listed, as an example, ignition
times for iso-octane/n-pentane and iso-octane/iso-hexane mix-
tures obtained with the reduced model and with the LLNL full
mechanism with CHEMKIN II; for comparison, the corresponding
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iso-octane case is listed as well. Clearly, the predictions of the re-
duced model are within approximately 20% or better with respect

to those of the full model. This performance is typical of the suite of
results.
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4. Summary and conclusions

A model previously developed for reducing n-heptane oxidation
kinetics has been here slightly modified to address the oxidation of
iso-octane, Primary Reference Fuels (PRFs) and iso-octane mixtures
with n-pentane and iso-hexane. The conceptual model was based
on the identification of constituents as the building blocks of the
heavy species and on reducing the species progress variables to fol-
lowing the total constituent molar density and the molar densities
of the unsteady light species. A normalized surrogate temperature
variable had been defined for which a scaled total constituent mo-
lar density exhibited a self-similar behavior for initial tempera-
tures in the cold ignition regime and for a wide range of initial
pressures and equivalence ratios; also the molar densities of O2

and H2O exhibited a quasi-linear behavior versus the normalized
variable. For n-heptane, mathematical fits versus the normalized
surrogate temperature variable were required in a four-dimen-
sional space to solve the equations and obtain the species and tem-
perature evolution. On going from the previous study of n-heptane
to the present study of iso-octane and its mixtures, examination of
the LLNL full mechanisms using CHEMKIN II showed that the con-
stituent list was augmented by one additional entity, but the molar
density of this total constituent remained self-similar versus the
previously defined normalized surrogate temperature variable for
initial temperature values in the cold ignition regime, and for the
wide range of initial pressures and equivalence ratios previously
examined. When the higher than cold ignition temperature regime
was explored, a family of self-similar curves versus the normalized

surrogate temperature variable was obtained according to the ini-
tial temperature. The molar densities of O2 and H2O remained qua-
si-linear versus the normalized surrogate temperature variable.

Based on these observations, it was concluded that the effort of
extending the mathematical fits developed for n-heptane was not
warranted, and instead an ideal model in tabular form was used,
as extracted from the LLNL full mechanisms using CHEMKIN II
and our concept. This tabular information is read into the code only
once, at the beginning of the computation, and is accessed simi-
larly to the mathematical fits for n-heptane. There are eleven spe-
cies progress variables, as the molar densities of O2 and H2O which
were obtained for n-heptane using fits for their slopes, are now
computed in an unsteady way utilizing the ideal model.

Results were presented from computations using the reduced
model for the oxidation of iso-octane, of two different PRF fuels,
and of mixtures of iso-octane and n-pentane or iso-hexane. These
results were compared to the corresponding information extracted
from the LLNL full mechanisms using CHEMKIN II. The compari-
sons were performed for initial temperatures in the [600,1200] K
range, initial pressures in the [5,50] bar regime and equivalence ra-
tios encompassing mixtures with air as rich as / = 4 and as lean as
/ = 1/4. The capability of the model was assessed from the view-
points of predicting species, the temperature evolution and the
ignition time. The species prediction was excellent in all cases,
with the exception of the multivalued regions occurring for very
rich situations. The temperature values were correspondingly
excellently to very well predicted, except for the temperature de-
crease from the maximum observed for rich mixtures. Finally,
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the ignition times were reproduced within percentages of those
computed with the full mechanism.

The favorable predictive aspect of our model should be con-
trasted with its relative simplicity, as it has a specified form which

is not dynamically changed during the computation and only re-
quires solutions of eleven species progress variables, all of which
are light species; the model has much increased range of / validity
with respect to other reduced models with a small number of
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species [15,16]. The advantage of such a simple model becomes
increasingly significant with increasing carbon atoms of the fuel
because of the proliferation of relatively heavy species with
increasing carbon number; for example, the skeletal mechanism
for n-heptane was based on 160 species and 1540 reactions,
whereas the full iso-octane mechanism has 857 species and 3606
reactions. If the model can be extended to even heavier species,
such as n-nonane (n-C9H20), n-decane (n-C10H22), n-dodecane (n-
C12H26), n-tetradecane (n-C14H30) and n-hexadecane (n-C16H34), it
would be very advantageous for performing computations for
heavy fuels.
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Fig. 17. Predictions of the molar density of (a and c) OH and (b and d) CO for (50% iso-octane/50% n-heptane) by the reduced model (lines) and the corresponding LLNL full
mechanism used with CHEMKIN II (symbols) at various conditions. T0 is in K and p0 is in bar.

Table 1
Ignition times for oxidation of iso-octane and iso-octane/n-pentane or iso-octane/iso-
hexane mixtures. Comparisons between the LLNL full mechanism used with
CHEMKIN II and our reduced model. T0 = 800 K, p0 = 40 bar and / = 1.

Fuel composition LLNL tign Reduced
model tign

tign ratio

(s) (s) reduced
LLNL

� �
Iso-octane 7.22 � 10�3 6.13 � 10�3 0.85
95% iso-octane/5% n-pentane 6.60 � 10�3 5.56 � 10�3 0.84
90% iso-octane/10% n-pentane 6.00 � 10�3 5.04 � 10�3 0.84
50% iso-octane/50% n-pentane 2.73 � 10�3 2.19 � 10�3 0.80
20% iso-octane/80% n-pentane 1.80 � 10�3 1.40 � 10�3 0.78
90% iso-octane/10% iso-hexane 5.80 � 10�3 4.88 � 10�3 0.84
50% iso-octane/50% iso-hexane 3.19 � 10�3 2.69 � 10�3 0.84
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Alkane Kinetics Reduction Consistent with Turbulence
Modeling using Large Eddy Simulation
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A methodology for deriving a reduced kinetic mechanism for alkane oxidation is de-
scribed, inspired by n-heptane oxidation. The model is based on partitioning the species
of the skeletal kinetic mechanism into lights, defined as those having a carbon number
smaller than 3, and heavies, which are the complement of the species ensemble. For mod-
eling purposes, the heavy species are mathematically decomposed into constituents, which
are similar but not identical to groups in the group additivity theory. From analysis of
the n-heptane LLNL skeletal mechanism in conjunction with CHEMKIN II, it is shown
that a similarity variable can be formed such that the appropriately non-dimensionalized
global constituent molar density exhibits a self-similar behavior over a very wide range of
equivalence ratios, initial pressures and initial temperatures that is of interest for predict-
ing n-heptane oxidation. Furthermore, the oxygen and water molar densities are shown to
display a quasi-linear behavior with respect to the similarity variable. The light species en-
semble is partitioned into quasi-steady and unsteady species. The reduced model is based
on concepts consistent with those of Large Eddy Simulation in which functional forms
are used to replace the small scales eliminated through filtering of the governing equations;
these small scales are unimportant as far as dynamic energy is concerned. Here, we remove
the scales deemed unimportant for recovering the thermodynamic energy. The concept is
tested by using tabular information from the n-heptane LLNL skeletal mechanism in con-
junction with CHEMKIN II utilized as surrogate ideal functions replacing the necessary
functional forms. The test reveals that the similarity concept is indeed justified and that
the combustion temperature is well predicted, but that the ignition time is overpredicted,
which is traced to neglecting a detailed description of the processes leading to the heavies
chemical decomposition. To palliate this deficiency, functional modeling is incorporated
into our conceptual reduction. This functional modeling includes the global constituent
molar density, the enthalpy evolution of the heavies, the contribution to the reaction rate
of the unsteady lights from other light species and from the heavies, the molar density
evolution of oxygen and water, and the mole fractions of the quasi-steady light species.
The model is compact in that there are only nine species-related progress variables. Re-
sults are presented showing the performance of the model for predicting the temperature
and species evolution for n-heptane. The model reproduces the ignition time over a wide
range of equivalence ratios, initial pressure and initial temperature. Preliminary results
for iso-octane using the full mechanism are also presented, showing encouragingly that
the concept may be generalized to other alkanes. The utility of the model and possible
improvements are discussed.

I. Introduction

The reduction of elementary or skeletal oxidation kinetics to a subgroup of tractable reactions for inclu-
sion in turbulent combustion codes has been the subject of numerous studies. The skeletal mechanism is
obtained from the elementary mechanism by removing from it reactions which are considered negligible for

∗Senior Engineer.
†Senior Research Scientist, AIAA Fellow (corresponding author, josette.bellan@jpl.nasa.gov).

1 of 21

American Institute of Aeronautics and Astronautics



the intent of the specific study considered. As of now, there are many chemical reduction methodologies, a
few exaples being: reduction to a few significant reactions (Müeller et al.,1 Bollig et al.,2 Sung et al.3 and
Li et al4); piecewise implementation of solution mapping (PRISM);5 in-situ adaptive tabulation (ISAT);6

intrinsic low-dimensional manifold (ILDM);7 the Computational Singular Perturbation (CSP) method of
Lam and Goussis;9 lumping10, 11 and directed relation graph (DRG) reduction.12—16 These few reduction
methodologies only represent a subset of all procedures devised for the goal of obtaining a kinetic mechanism
compact enough to be utilizable for turbulent reactive flow calculations and accurate enough to be reliable
over a wide range of equivalence ratios, φ, initial pressures, p0 (subscript 0 denotes the initial value), and
initial temperatures, T0. As none of the existing methodologies for mechanism reduction is considered the
ultimate answer in the quest for compactness and reliability, the search for novel ideas in kinetic mechanism
reduction continues. The study presented here is the result of such a search.
In this study, one of the main concerns was to devise a kinetic reduction procedure which is consistent with

the Large Eddy Simulation (LES) concept, as LES has shown considerable promise in simulating turbulent
flows and represents the state-of-the-art capability in such simulations. The primary idea in LES is that
due to the computational infeasibility of routinely solving the governing equations for fully turbulent flows
(i.e. high Reynolds number), one should spatially filter the equations thus removing the dynamic-energy-
unimportant small scales, leaving only the large scales to be resolved. The influence of the small scales is
re-introduced in the equations through functional modeling, allowing the solution of the large scales, and
thus of most of the dynamic energy. The dynamic scales of fluid mechanics have a parallel in chemical
kinetics since each species has its own characteristic time and can be thought to be a scale of the problem.
The dynamic energy of the flow has a parallel in the thermodynamic energy of the reaction; at this early
stage of our reduction model, we are only interested in recovering the energetics of the reaction, the major
species, and some of the species through which a reaction is monitored (e.g. OH). Therefore, the idea here
is to remove scales unimportant to the energetics, and functionally model them.
As in LES, there are two important components to this study, namely the a priori analysis and the a

posteriori evaluation. In the a priori study for turbulence modeling, one examines the behavior of the samll
scales and proposes models to duplicate it. For chemical kinetics, the information that could be neglected
is contained in the skeletal kinetic mechanism. Therefore, the idea is here that examination of the skeletal
mechanism should reveal the functional forms of the kinetic scales which could be neglected. In the a
posteriori study, one includes the small-scales models in LES and assesses their behavior when interacting
with the large scales to replicate the flow which is known by other means, either through Direct Numerical
Simulations or from experiments. The same a posteriori methodology is used here. The present model is for
a constant-volume situation, so as to be consistent with the requirement of a LES grid.
This paper is organized as follows: We first describe the basis leading to our conceptual model. Then,

we present the model which results from examination of the n-heptane kinetic mechanism,17 as n-heptane
is the simplest hydrocarbon exhibiting a negative temperature coefficient (NTC) behavior and is a reference
fuel. Further, we assess the model by comparing it with the skeletal mechanism and identify modeling needs.
The functional model is next presented, and results from it are critically examined. Preliminary results for
iso-octane based on the full mechanism are also presented, indicating that the conceptual model is extendable
to higher alkanes. Finally, we discuss future work.

II. Conceptual model for n-heptane

The conceptual model seeks to represent the species, thought to be akin to vectors in a mathematical
space, by a reduced base set. The species are partitioned into heavies (carbon number, n > 3) and lights
(the remaining of the set). The heavies can be either radicals or stable species. The lights are oxygen,
nitrogen, the final combustion products and light radicals/molecules (e.g. CH3, CH4, H2O2). The heavies
are decomposed into constituents, as described below, while the lights remain part of the base.

A. Heavy species: the total constituent model as progress variable

The definition of constituents stems from the observations that (i) plots of the heats of combustion for alkanes
and for alkenes having a C double bond at the molecular chain end have a linear variation with the C number,
n and (ii) at fixed temperature T , the species specific heats at constant pressure, Cp, vary linearly with n.
The implications are that (1) heats of combustion and Cp may be considered obtainable by summing those
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of constituent radicals CH2, CH3 and C2H3 that form these hydrocarbons and (2) for n > 3, species may be
mathematically decomposed into constituent radicals. This is consistent with group additivity theory,18, 19

however, there are marked differences from it. In group additivity one accounts for interactions with adjacent
groups, interactions with non-adjacent groups and for steric effects. In our ‘constituents’ concept we only
account for interactions with adjacent groups and first order (compositional) effects. Also, our process is
different from lumping because we are decomposing all heavy species and a constituent may span the entire
species set of heavy species. The heavy species constituent radicals are defined as a set of entities (here, 13
of them: CH2, CH3, CH, C2H3, C2H2, C2, HC2, CO (keto), HCO, HO, HO2, OO, O) from which any heavy
species or radical may be constructed. The total constituent molar density is

Nc ≡
13X
k=1

Nk (1)

where the molar density of individual constituent k is Nk.
We define a reference molar density for nitrogen, N2, from the dry air value at pressure pref = 1 bar and

Tref= 298.15 K, giving Nref= 31.5 mol/m3. Using Nref , a dimensionless N2 molar density is defined as

N∗ ≡ NN2

Nref
(2)

which acts as a convenient surrogate variable for the pressure p since the N∗ value is essentially rate invariant.
That is, the partial pressure of N2 is the overwhelming contribution to p; basically, the ratio of N∗ to p0 is
nearly constant. A normalized temperature variable θ is defined by

θ ≡ T − T0
Tr(φ,N∗)

(3)

Tr ≡ 2065(N∗)0.06w(φ) (4)

w(φ) = φ
1.5 + 1.31φ

1 + 0.71φ+ 1.1φ2
. (5)

The θ definition is such that Nc decreases by three orders of magnitude (delving into higher order of mag-
nitude decrease runs the risk of encountering round-off and truncation errors) from its initial value during
stoichiometric combustion upon reaching θ & 0.6. The 0.6 value was chosen to ensure that all θ values
remain below unity for all test case calculations. The relationships Eq. 3-5 have been empirically derived
upon examining the n-heptane LLNL skeletal mechanism, as described in section A.

B. Light species: a modeled subset and a progress variable subset

According to the above procedure, light species are not subject to meaningful decomposition. Examination
of runs made using the LLNL database in CHEMKIN II indicates that the light species should be categorized
in two subsets: one which is modeled, and one which is computed subject to the heavy species model, as
follows:

1. Quasi-steady light species

The species in the first subset are the radicals O, CH, CH2, CH3, HO, HCO, HO2, HC2, C2H3 which have
a quasi-steady behavior and require mathematical fits of their mole fraction, Xi, as a function of the state
variables (φ,N∗, T ) and modeling parameters (here, only T0). There are nine of these quasi-steady light
species.

2. Progress variable light species

The species in the second subset are unsteady and require rate equations. This set consists of H2O, CO2,
O2, H, CO, H2, CH4, H2O2, C2H2, C2H4, CH2O. The reaction rate of light species is

Ri ≡
µ
dNi

dt

¶
reac

=
dNi

dt

¯̄̄̄
heavies

+
dNi

dt

¯̄̄̄
lights

, (6)
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where the contribution of the heavy group to the rate of change of a light species molar density Ni is expressed
in terms of quasi-steady gain and loss rates KGi and KLi as

dNi

dt

¯̄̄̄
heavies

= Nc(KGi −XiKLi). (7)

Since KGi andKLi are functions of (T0, φ,N∗, T ), they must be modeled consistently with the heavy species
model. There are eleven of these unsteady light species.

C. Model summary for species and computation of energetics

At this junction, the base set is composed of the global constituent radical mole fraction Nc and of the
11 light molecules or free radicals of the second light species subset. Thus, there are at this stage only 12
species-related progress variables. To use this model, one must first find a strategy for computing Nc; such
a strategy will be shown next. To compute the 20 light species, one must model Xi of the first light species
subset and compute the conventional light species reaction rates of the second light species subset. For the
unsteady light species reaction rates, models of KGi and KLi are needed in functional form.
The energy equation is⎛⎝NcCp,h +

X
i∈lights

Cp,iNi

⎞⎠ dT

dt
= −

X
i∈lights

hiRi +Nc(RuTref )Kh (8)

where hi is the molar enthalpy, Cp,i is the molar constant-pressure heat capacity, Ru is the universal gas
constant,

Cp,h ≡
(
P

l∈heavies Cp,lNl)

Nc
, (9)

and the rate of enthalpy change due to heavy species l chemical kinetic changes is defined as

Kh ≡ −
Ã X
l∈heavies

hlRl

!
1

RuTrefNc
. (10)

Clearly, since Kh is associated with the heavy species, it must be modeled as a function of (T0, φ,N∗, T ).
For each light species Cp is modeled as

Cp

Ru
= ah + bh ln

µ
T

Tref

¶
. (11)

Values of ah and bh for the light molecules are given in Table 1,20—23 where values for the the heat of
formation, h0i , and the heat of combustion for species i, h

c
i , are also given. Both h0i and hci are needed to

compute the enthalpy.

III. Results for n-heptane

A. Examination of the n-heptane skeletal mechanism using our concept

Figure 1 shows Nc/(φ × N∗) as a function of θ; the plots were obtained using the LLNL skeletal kinetics
in CHEMKIN II. The similarity achieved with the two normalized variables is remarkable despite small
departures from the nominal curves. Even for as rich a mixture as φ = 2, similarity holds, making this
similarity valid in realms beyond those in advanced reduced schemes where the upper limit of the scheme
validity is φ = 1.5 (Lu and Law13), at most φ = 2.0 (Peters et al.24) or exceptionally φ = 3 (Babushok
and Tsang25). At φ = 4, the mixture is too rich for the reaction to proceed to its ultimate conclusion, and
as a result, the reaction termination induces the disparity from self-similarity at θ ' 0.24. This self-similar
behavior can be understood as a reduction in dimensionality of the problem but should not be confused with
the intrinsic low-dimensional manifold7 because that concept was developed for actual chemical species,
whereas our findings are for Nc. And, as stated above, neither is our model equivalent with lumping10, 11

because we are decomposing all heavy species and because a constituent may span the entire species set of
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heavy species. The fact that Nc can embody the evolution of all heavy species is consistent with, and can
be traced to, the fact that as T increases, the heavy species chemically decompose and no longer play a role;
instead, the products of this decomposition determine the reaction evolution. Once values of θ ' 0.6 are
achieved, the constituents have been nearly exhausted and the reaction may be considered to have reached
fruition. Thus, the normalization achieved through θ may be very useful because over the wide range of φ,
p0 and T0, the reaction is completed at approximately the same θ value.
Plots of the molar densities of oxygen, No2, and of water, Nh2o, versus θ are illustrated in Fig. 2 over

the same wide range of φ, p0 and T0 as in Fig. 1. Remarkably, both types of plots display a quasi-linearity.
For H2O, eventually, an asymptotic behavior is seen at θ ' 0.6 indicative of the reaction having reached
completion, consistent with the information from Fig. 1.
The above findings suggest that instead of computing Nc from a rate equation (i.e. as a process variable),

one may simply fit theNc/(φ×N∗) curves shown in Fig.1; this fitting must be performed in the four parameter
space (T0, φ,N∗, T ). Similarly, instead of considering O2 and H2O as progress variables, it seems reasonable
to functionally fit the slope of the curves in Fig. 2 and use this fit in routine calculations to predict these
two major species. Thus, this examination of our conceptual model for n-heptane using the LLNL skeletal
kinetics in CHEMKIN II leads to further reducing the number of species-related process variables from 12
to 9. These 9 process variables are the molar densities of the lights: CO2, CO, H, H2, CH4, H2O2, C2H2,
C2H4, CH2O.

B. Assessment of the concept’s predictive capabilities using an ideal model

Before launching into the task of performing functional fits for rates and Xi, we deemed it instructive to
assess the predictive capability of the concept by utilizing ideal functional fits extracted from the LLNL
skeletal mechanism using CHEMKIN II. These ideal functions were obtained in tabular form, every 5oK,
and served as input to our conceptual model. Examples of the results are portrayed in Fig. 3 for both Nc

and T profiles; indeed, predicting the energetics and more particularly the ignition time, tign, is an important
goal of the model.
Unsurprizingly according to Fig. 1, Fig. 3a shows that Nc is excellently predicted by our conceptual

model. However, whereas the value of the combustion T is also excellently predicted, the predicted ignition
time is longer than that of the skeletal mechanism. This epitomizes the missing information resulting from
the reduction of the LLNL skeletal mechanism from 160 to 9 progress variables. Physically, the missing
information is that of how the heavy species evolve over the relatively long initial time of nearly constant
T . During this time, although T is almost constant, heavy species decomposition provides the radicals
responsible for eventual ignition. Experimentally, it is observed26 that tign is an extremely sensitive quantity
function of T0 and even a degree K change in T0 makes approximately 10% change in tign. Thus, the accurate
prediction of tign is a very stringent test for a model. From the modeling viewpoint, this means that the
neglected scales of the initial pre-ignition process must be reintroduced through very careful modeling. This
modeling is described next.

C. Functional fits to emulate the LLNL skeletal mechanism

The functional fits necessary to complete the model fall into two categories: fits for the rates Kh,KGi,
RLi ≡ KLi/KGi, for Nc, and for the Xi of the quasi-steady light species; and fits for the slopes of the
unsteady quantities No2, and Nh2o.

1. Fits for the rate quantities and quasi-steady light species molar fractions

According to Eq. 8, to recover the value of T in the reduction scheme, the heavy species model should focus
on an appropriate representation of Cp,h and Kh. Plots (not shown) of Cp,h at various p0 values, calculated
using the LLNL model over a wide range of φ, show that these curves exhibit a very modest variation over
the range of strong Nc decay; moderate (i.e. up to 50%) variation occurs only after Nc values are very
small to negligible. This indicates that the T recovery is primarily governed by Kh as far as heavy species
modeling is concerned.
The model for Kh,KGi, RLi and Xi is constructed considering these quantities as functions of T or θ,

with N∗, φ and T0 being parameters. Quantities Kh, KGi and Xi are split into a very low T region, i.e.
θ 6 10−2, termed the incubation region in which there are very slow changes; a low-rate portion corresponding
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to 10−2 6 θ 6 0.2 that exhibits a maximum, Kmx, and a minimum, Kmn; and a high T, θ > 0.2, high-rate
portion termed the fast-rate region in which a continuous increase is commonly observed. Conversely, RLi
first exhibits a minimum, and then a maximum. Thus, the functional fits are performed in three separate
regions, with connection constraints between consecutive regions (the ultimate fits are piecewise continuous).
Details of the fitting procedure are given in Harstad and Bellan.27

The need to introduce a model to capture tign, as explained in section B, as well as an extreme sensitivity
of Kh on T0 (e.g. Kh ∼ T 210 for θ ' 10−3) meant that special care should be devoted to reproduce
this dependency. Thus, we developed functional fits to the slopes dKh/dT at T0 and made corresponding
adjustments to the rates at θ . 10−1. These turned out to be insufficient to reproduce tign, and an adjustment
was introduced to the initial slope for Kh (for θ < 10−2) by using a multiplying factor determined by trial-
and-error calculations, so as to best match the reduced model predictions compared to those of the skeletal
mechanism.
This model was used for Kh, for the quasi-steady gain rates KGi (where i stands for CO2, H, CO, H2,

CH4, H2O2, C2H2, C2H4, CH2O), for the quasi-steady loss rate RLi (where i stands for H and H2, this rate
being negligible for the other light species) and for the quasi-steady light species molar fractions Xi (O, CH,
CH2, CH3, HO, HCO, HO2, HC2, C2H3).
Selected plots of Kh are presented in Fig. 4; KGh2 and KGh are displayed in Fig. 5 and the ratio RLi

is correspondingly illustrated in Fig. 6 for i = H and i = H2. The rates Kh exhibit a variation by as much
as seven orders of magnitude, and the task of developing curve fits over this extended regime in the four
parameter space (T0, φ,N∗, θ) is far from trivial. Despite the difficulty of developing accurate curve fits, the
agreement between the fits and the LLNL skeletal mechanism in excellent to good over p0 ∈ [10, 40] bar,
T0 ∈ [600, 800] K and φ ∈ [0.5, 4] and even extends to values as small as φ = 1/4 (not shown). The same
comments hold for KG and RL. Discrepancies between fits and the LLNL skeletal mechanism past θ ' 0.6
are unimportant for the reduction concept since Nc/Nc,0 ¿ O(1) past that station.
For the quasi-steady species, we chose to display No because of the high reactivity of the O radical and

Noh because the OH species is generally considered as indicative of the flame location. The quantities Ni

were computed as Ni = XiNL where NL =
P

i∈lightsNi. Results are presented in Fig. 7 and show that the
agreement between fits and the skeletal mechanism is very good, including some extreme φ values in the
lean regime.

2. Fits for No2 and Nh2o

Two quantities were defined that constrain the evolution of No2 and Nh2o : the initial value, N i
o2, and the

asymptotic value Na
h2o. Fits for No2 and Nh2o were constructed as follows:

No2/N
i
o2

.
= max(1.0−Ao2 × θ, 0.0), (12)

Nh2o/N
a
h2o

.
= min(1.0, Ah2o × θ). (13)

Fits to the slopes Ao2 and Ah2o were constructed as

Ao2 = Co2(φ, T0)× φ× (N∗)0.05 (14)

Ah2o = Ch2o(φ, T0)× (N∗)ε (15)

where ε(φ) = 0.2× φ× exp(−1.4φ) 6 0.0525. For computing functions Co2(φ, T0) and Ch2o(φ, T0) a set of φ
values is first chosen. For a specified value in the set, Co2(φ, T0) and Ch2o(φ, T0) are fitted as a polynomial
function (up to quadratic) of T0/Tref . For arbitrary φ, an interpolation is performed over φ using Co2 and
Ch2o values at the specified φ values in the chosen set.
Figure 8 shows an example of the obtained fits versus the LLNL skeletal mechanism. The agreement

ranges from excellent to good and is typical of that obtained over a wide range of (T0, φ,N∗).

D. Model predictions

The model predictions consist of the timewise temperature evolution T (t), tign as extracted from the T (t)
profile, and the timewise evolution of the unsteady light species with the exception of O2 and H2O which
are modeled as shown in section 2.
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1. Temperature profiles

Displayed in Fig. 9 are the reduced model predictions compared to those of the skeletal mechanism, spanning
a wide range of φ values and two values of each T0 and p0. Although tign is well predicted for all cases,
the ultimate combustion temperature is not well predicted at very lean conditions (φ = 1/4) or relatively
low pressure (i.e. p0 = 10 bar). It seems likely that with additional modeling effort these limitations could
be overcome, but we consider that at this ‘proof of principle’ stage, the additional effort is not warranted.
On the favorable side, at the high temperature conditions representative of diesel, gas turbine and HCCI
engines, the model performs very well; the same holds for the very rich conditions (e.g. φ = 4) at which soot
forms.

2. Ignition times

The very successful use of the adjusted initial Kh slopes instrumental in predicting tign is shown in Fig. 10.
Noteworthy, the ordinate axis is the typical logarithmic one28 for Figs. 10a and 10b, but it is here linear
for Fig. 10c, so deviations between reduced model and skeletal mechanism observed in Fig. 10c are indeed
logarithmically very small. The predictions in Fig. 10 are excellent over a wide range of T0 including as low
a temperature as 600 K, over a range of φ including mixtures as rich as φ = 4, and as lean as φ = 1/3 and
p0 from 10 to 40 bar.

3. Predicted unsteady species

The prediction of several unsteady light species is illustrated in Figs. 11 and 12. These are results obtained
from solving Eq. 6 with the modeled Ri. The Ni(θ) is computed from using Ni(t) and T (t), which allows
computing θ(t).
We chose to display Nh and Nh2 because they both depend on the KG and RL fits and thus they provide

a stringent test of the model given the possibility of additive error. Nco is chosen since CO is one important
product of incomplete combustion. Nch4 is selected as a representative intermediary in the oxidation process.
As discussed above, only prediction up to θ ' 0.6 should be considered, as past that station the reaction is
practically finished.
Generally, the agreement between the reduced model and the skeletal mechanism is very good, including

at p0 = 10 bar for which the combustion temperature was not well predicted. With the exception of Nh for
which the comparison is just as favorable at φ = 4 as at φ = 1/3, for all other species the lean region is much
better reproduced by the model than the rich region. The fact that good agreement is obtained for such
extreme φ values is desirable since, as already stated such values are generally not considered in advanced
reduced schemes. Also, the results seem to be slightly more accurate with increasing T0.

IV. Preliminary assessment of the n-heptane model for iso-octane

To test the capability of the proposed technique for other alkanes, iso-octane was chosen as the next one
in degree of difficulty. Not only is iso-octane the next higher C number species with respect to n-heptane,
by also these two species are prominently featured in JP-8 surrogate fuels because they both display the
NTC behavior of the heavier real fuels in the ignition regime and the feature of two-stage ignition.24 The
level of modeling difficulty increases substantially for the n-heptane mechanism having 160 species (progress
variables) and 1540 reactions to the iso-octane full (rather than skeletal) oxidation mechanism30 containing
857 species and 3606 reactions. The substantial effort of decomposing in constituents the heavy species of
the 857-species ensemble led to the iso-octane ensemble of constituents being essentially the same as for
n-heptane, with the sole addition of the carbon atom C. That is, now

Nc ≡
14X
k=1

Nk (16)

and the ensemble of constituents is (CH2, CH3, CH, C2H3, C2H2, C2, HC2, CO (keto), HCO, HO, HO2,
OO, O, C).
There are four questions that are of interest is assessing the n-heptane conceptual model for iso-octane:

(1) Is θ defined in Eq. 3 still a valid similarity variable in that Nc/(φ × N∗) as a function of θ, such
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as shown in Fig. 1 for n-heptane? (2) If the similarity variable holds, are the concentrations of O2 and
H2O decreasing and increasing, respectively, in a quasi-linear manner with θ? (3) Is the ensemble of light
species partitionable into the same two sub-ensembles of quasi-steady and unsteady species, and do these
sub-ensembles contain the same species as for n-heptane? (4) If the three above items hold, are the functional
fits derived for n-heptane also valid for iso-octane? The preliminary results derived for iso-octane allow to
cautiously affirmative answer the first two questions, with the understanding that a much more extensive
study is necessary for incontrovertible affirmation.
Figure 13a illustrates Nc/(φ × N∗) as a function of θ at three φ values and two T0 values. We first

note that the temperature normalization holds in that Nc/(φ × N∗)¿ 1 by θ ' 0.6. Second, all plots of
Nc/(φ×N∗) approximately coincide, showing for this limited set of cases that the similarity concept holds.
Displayed in Fig. 13b are the temperature profiles corresponding to the Fig. 13a cases, showing that the
choice of the runs spans more than one order of magnitude range in tign.
The O2 and H2O concentrations versus θ are plotted in Figs. 14a and 14b. The quasi-linear aspect of the

curves is very similar to that observed for n-heptane in Fig. 2, indicating that the same behavior prevails.
Although considerably more tests are necessary to ascertain that the concept and model developed for

n-heptane also holds for iso-octane, the preliminary results seem promising.

V. Conclusions and discussion

A kinetic reduction model has been developed based on the concept of constituents representing the
evolution of all heavy species, and on light species representing the complementary chemistry to that of
heavy species. The light species fall into two categories: quasi-steady, for which no differential equation
must be solved, and unsteady light species some of which are progress variables and others which have
fitted rates of their evolution as function of the similarity variable. A thorough examination of the LLNL
skeletal mechanism for n-heptane revealed that it is possible to empirically define a similarity variable which is
function of the initial temperature, initial pressure and equivalence ratio, and for which a non-dimensionalized
global-constituents’ molar density exhibits a self-similar behavior across initial temperatures, initial pressures
and equivalence ratios. The significance of this finding is that there is a reduction in the dimensionality of
the problem. We found a lower-dimensional manifold which is not to be confused with ILDM because the
latter is for species, whereas the present model is for Nc. The fact that the constituents rather than the
heavy species are important can be directly traced to the fact that the heavy species decompose and it is
the reaction of these products of decomposition that matters for the energetics. Thus, rather than solving
a differential equation to obtain the evolution of the global constituents, their behavior may be functionally
fitted, thereby reducing the number of progress variables. Further examination of the skeletal mechanism
revealed that the molar density of oxygen and that of water displayed a quasi-linear variation with the
similarity variable over the entire range of parameters surveyed. The suggestion was that the molar densities
of these two unsteady light species could be functionally modeled rather than computed from differential
equations.
The concept was tested by using the n-heptane LLNL skeletal mechanism in conjunction with CHEMKIN

II. That is, instead of a model consisting of functional fits, we used an ideal model represented by tables
extracted from the LLNL skeletal mechanism in the form needed in our conceptual model. Our conceptual
model was found to be sound, but the ignition time it predicted was too long compared to the template.
The meaning of this discrepancy is that the neglect of the chemical processes during the initial time of very
small temperature changes results in the overprediction of the ignition time. The situation is equivalent
to turbulent modeling using the Large Eddy Simulation (LES) concept in which the spatial filtering of
scales results in the need to re-introduce the effect of these small scales through models. Following the LES
modeling philosophy, a small-scale model was developed and implemented at temperatures very close (1-2
degrees K) to the initial temperature, to be used with the conceptual model.
Moreover, also paralleling the LES concept, fits in functional form were developed for the sensible enthalpy

production due the constituents’ reaction, for the quasi-steady light species mole fractions and for the reaction
rate of the unsteady light species. The reaction rate of each unsteady light species was decomposed into
contributions from the lights which were directly taken from the LLNL skeletal mechanism and contributions
from the heavy species which were modeled. The heavy species rate contribution was further categorized
into a gain rate and possibly a loss rate, which were individually modeled. The modeling effort was by no
means trivial as the rates and molar fractions varied by as much as seven orders of magnitude and this
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variation needed to be captured in the four parameter space of the initial pressure, the initial temperature,
the equivalence ratio and the temperature.
The consequence of providing functional fits over a wide range of equivalence ratios encompassing mixtures

as rich as φ = 4 and as lean as φ = 1/4 was that generally the fits were very good to excellent, but sparse
regions of good to fair results could also be identified. The ignition times were excellently to very well
reproduced by the model, and so were some major species (e.g. O2 and H2O). Other major species (e.g.
CO) and OH, which is an indicator of the flame location, were also well reproduced, but the value of the final
combustion temperature was not always well predicted. To improve the combustion temperature prediction,
one could either refine the Kh functional fit or use the ideal model provided by the tables extracted from the
LLNL mechanism using CHEMKIN II as done in section B, but now in conjunction with our model in the
vicinity of T0 so as to capture the ignition time. To improve light species predictions, one could either refine
their functional fit if the species is quasi-steady, or refine the functional fits for KG and RL if the species
is unsteady; alternately, one could use the the ideal model provided by the tables extracted from the LLNL
mechanism using CHEMKIN II.
Instead of improving the n-heptane model, we turned attention to investigating whether the proposed

concept also holds for higher C alkanes, such as iso-octane. Preliminary results indicate that the conceptual
model of the similarity variable and the quasi-linear dependence of the O2 and H2O concentrations of the
similarity variable, indeed holds; although it remains to be seen if the present curve fits are valid for higher
C alkanes or must be modified.
Finally, the usefulness of our model, which contains only nine species-related progress variables, is that

it is less computational intensive than other reduced models having O(50) species-related progress variables
(e.g. Lu and Law29) while giving much improved predictions compared to the expedient one-step reaction
models. As usual, information loss increases with increasing chemical kinetics simplification; the balance
between the desired information to be obtained from exercising the model and computational cost is the
paramount consideration. Since results for most reduction schemes are presented in a much more restricted
φ region than the φ ∈ [1/4, 4] considered here, it is difficult to directly evaluate our model with respect to
other models. It is understood that for any given model, predictions will improve if a less ambitious validity
regime is considered.
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Mo/Ra h0 hc ah bh

H2 0.0 241.5 3.282 0.400
O2 0.0 0.0 3.476 0.5663
N2 0.0 0.0 3.388 0.469
C 717 1111 2.50 0.0
H2O -241.5 0.0 3.688 1.217
CO2 -393.5 0.0 4.690 1.390
N 473 473 2.50 0.0
H 218.0 339 2.50 0.0
HO 38 159 3.385 0.3637
HOO 10.5 131 4.150 1.307
O 249.2 249.2 2.536 0.0
CO -110.5 283 3.426 0.4749
HCO 43.1 558 4.154 1.2875
CH4 -74.6 802 3.797 4.305
CH3 146 902 4.440 2.249
CH2 390 1025 3.973 1.3015
CH 596 1110 3.220 0.7136
C2H3 300 1449 5.1 3.5
HC2 566 1474 4.434 1.404
C2 838∗ 1625 4.58 0.0
NO 90.3 90.3 3.533 0.4508
NO2 33.2 33.2 4.691 1.151
H2O2 -136 106 5.269 1.880
HCOH -109 526.5 4.27 2.546
C2H2 228 1257 5.368 2.294
C2H4 52.5 1323 5.383 4.676
∗Alternate value of 832 from the CRC tables.

Table 1. Thermodynamic properties of molecules and free radicals. h0 and hc (heats of formation and combus-
tion, respectively), in kJ/mol; constants ah and bh for molar heat capacity in the form Cp/Ru = ah+bhln(T/Tref );
Tref = 298.15 K. "Mo" denotes "molecule". "Ra" denotes "radical".
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Figure 1. Similarity plots of parameter Nc/(φ×N∗) versus θ at (a) p0 = 20 bar and (b) φ = 1 using the LLNL
skeletal mechanism in conjunction with CHEMKIN II. T0 is in K.
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Figure 2. Oxygen and water molar densities versus θ as extracted from the LLNL skeletal mechanism in
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Figure 5. KGh and KGh2 versus θ for p0 = 40 bar at different T0 and φ. Symbols represent selected data from
the LLNL skeletal mechanism; lines represent the corresponding fits.
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Figure 7. Modeling results for the quasi-steady molar densities No and Noh and comparison with those of the
skeletal mechanism at various T0, p0 and φ conditions.
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Figure 11. Predictions of the reduced model for Nh and Nh2 compared to those of the skeletal mechanism at
various T0, p0 and φ conditions.
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Figure 12. Predictions of the reduced model for Nco and Nch4 compared to those of the skeletal mechanism at
various T0, p0 and φ conditions.
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Computation of Laminar Premixed Flames Using
Reduced Kinetics Based on Constituents and Species

Kenneth G. Harstad¨,∗and Josette Bellan¨,∗∗,†

Jet Propulsion Laboratory
¨
, California Institute of Technology,

Pasadena CA 91109-8099
California Institute of Technology∗∗, Mechanical Engineering, Pasadena, CA 91125

A model is proposed for quasi-one-dimensional steady flame development in the con-
figuration of an inviscid, premixed fuel jet injected into air. The governing equations
are written within the framework of a reduced kinetic model based on constituents and
species. The reduced kinetic model, previously exercised in a constant-volume perfectly-
stirred reactor mode, has been successful at predicting ignition and combustion product
and temperature evolution for n-heptane, iso-octane, PRF fuel combinations, and mixtures
of iso-octane with either n-pentane or iso-hexane. The differential governing equations have
the option of an axially variable area and they are coupled with a real gas equation of state.
The flame development model accounts for a full diffusion matrix, and thermal conductivity
computed for the species mixture. Preliminary results are presented.

I. Introduction

To predict the initiation and evolution of turbulent reacting flows in practical devices one must couple
chemical kinetics and turbulence models. Because codes resulting from these models are very computationally
intensive, the chemical kinetic mechanisms cannot be utilized in their entire complexity and instead they are
reduced to mechanisms that are sought to be compact as well as reliable. Recently a reduced kinetic model
relying on constituents and species1, 2 has been developed, which was successful in reproducing ignition time,
and combustion product and temperature evolution for n-heptane, iso-octane, PRF fuel combinations, and
mixtures of iso-octane with either n-pentane or iso-hexane.
In this conceptual model,1, 2 the ensemble of species in a full (or skeletal) mechanism is partitioned into

heavies (carbon number, n > 3) and lights (the remaining of the set). The heavies can be either radicals or
stable species. The lights are oxygen, nitrogen, the final combustion products and light radicals/molecules
(e.g. CH3, CH4, H2O2). The heavies are not treated as a species set, but as a set of base constituent radicals
which correspond to radicals as used in group additivity theory.3 Sometimes light species are radicals which
may have the same chemical formula as constituents, however, the difference between constituents and these
light species is that the later are unbound to other chemical entities whereas the former are bound to other
chemical entities, i.e. other constituents. For each constituent k, its molar density, Nk, is the sum, over all
heavy species, of the count of the constituent in each heavy species multiplied by the molar density of that
species. The constituents are not just based on atom counts and their element composition is not linearly
independent, however, the constituents are linearly independent. Thus, the constituents are independent
structural elements which have individual valence bond topologies.
For each heavy species, and thus for the entire set of heavy species, there is a unique and complete set of

constituents. The subset of constituents that have a very small contribution to the total constituent count
having molar density Nc, is replaced by the complementary subset of constituents already accounted for in
Nc. The rule for replacement is that each constituent having a small contribution to Nc is replaced by one
having, first, close valence structure and second, close composition to the constituent neglected. After this

∗Senior Engineer.
†Senior Research Scientist, AIAA Fellow (corresponding author, josette.bellan@jpl.nasa.gov).
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replacement, one obtains an optimal Nk set. It is this optimal set of constituents that is used in the kinetic
reduction.
To test the capability of the reduced kinetic model in the a simple flow model, the first step is to evaluate

it in a steady, quasi-one-dimensional configuration before undertaking the more arduous task of the counter-
flow configuration for which the overwhelming experimental data has been obtained. This first step is the
purpose of this study. In this paper, we first present the governing equations, as they are more general
than the typical ones for steady one-dimensional flow which use approximate transport properties and the
perfect gas equation of state. Further, we discuss some preliminary results obtained with the model. Finally,
we elaborate on the future work necessary before such a model is ready for incorporation in turbulent flow
models and codes.

II. Governing equations

The configuration of interest is that of a steady, round jet in a system of coordinates (x, r, θ) where it
is assumed that there is uniformity in the θ direction and thus the coordinates of interest are (x, r). The
entrance of the jet (x = 0) is labeled by the subscript 0 and the far field boundary is at x = L. Within the
quasi-one-dimensional framework, all quantities are averaged in the r direction, and thus the jet boundary
is located at r = R(x). Therefore, the jet area is A(x) = πR2(x). A quantity ξ(x) ≡ R0/R(x) is defined to
track the jet spacewise variation.

A. Continuity and momentum

We define the mass density ρ, and the axial and radial velocities, u and v. Radial averages are designated
by (), as for example

ρ(x) =
2

R2

RZ
0

ρ(x, r) r dr. (1)

In the entire derivation below, all quantities will be considered as radial averages, but the () symbol will be
omitted for notation simplicity.

1. Continuity equation

Defining the mass flow rate
•
M, the steady flow assumption implies ρuA =

•
M = constant, which means that

ρu =
•
M/A ≡

•
M/πR2(x). (2)

Replacing eq. 2 in the steady continuity equation

1

r

∂(rρv)

∂r
+

∂(ρu)

∂x
= 0 (3)

leads to

ρv = r

•
M

πR3
dR

dx
. (4)

2. Momentum equation

Under the assumption of an inviscid fluid, the steady momentum equation components are

ρ

µ
u
∂

∂x
+ v

∂

∂r

¶
u+

∂p

∂x
= 0 (5)

ρ

µ
u
∂

∂x
+ v

∂

∂r

¶
v +

∂p

∂r
= 0. (6)

To make progress in obtaining an equation for the jet area, we expand p and ρ−1 in even powers of r (due to
symmetry conditions), as a means of taking advantage of the configuration symmetry. Thus, we postulate
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that

p = p0 +
1

2
ρ0u

2
0

nmaxX
n=0

σn(x)
r2n

R2n
, (7)

ρ0
ρ

=

nmaxX
n=0

fn(x)
r2n

R2n
, (8)

where σn and fn are arbitrary functions. Replacing these expressions in eqs. 5 and 6 yields

−1
2

dσn
dx

= ξ2
d(ξ2fn)

dx
+R20

dξ

dx

d

dx

µ
fn−1

dξ

dx

¶
(9)

nσn = R20ξ
d

dx

µ
fn−1

dξ

dx

¶
for n > 0. (10)

Combining eqs. 9 and 10 for n = 1, leads to

2ξ4
d(ξ2f1)

dx
+R20

d

dx

∙
ξ3

d

dx

µ
f0

dξ

dx

¶¸
= 0. (11)

An analysis of eq. 11 provides insights from which further simplifications are obtained. For example, near a
stagnation point, which is obtained for ξ → 0, the second term on the left hand side of eq. 11 dominates the
first term which can then be neglected. Also, near the x = 0 boundary, the jet is nearly radially uniform,
which means that f1

.
= 0. These simple considerations indicate that f1 can be neglected over the entire

length of the jet. More generally, if x 6= xa, where xa is one of the elements in the set defined by those x

values for which
¯̄̄
R0

d ln ρ
dx

¯̄̄
¿ 1, the jet area can be computed from

ξ
.
= 1− (1− ξL)

⎡⎣ xZ
0

µ
ρ

ρ0

¶
x6=xa

dx

⎤⎦ /
⎡⎣ LZ
0

µ
ρ

ρ0

¶
x 6=xa

dx

⎤⎦ (12)

where ξL is the eigenvalue corresponding to the variable A(x) situation. For A constant, none of these con-
siderations apply and the momentum equation becomes a vehicle to compute ∇p, but under the assumption
of very small Mach number the pressure is assumed constant for the calculation of the equation of state
(EOS).

B. Species and energy equations

The complete formulation for the species and the energy equations has been presented elsewhere.4 However,
that formulation was for species and it is not applicable here where the model is for both constituents and
species. In this reduced kinetic model, the evolution of the global constituents molar density is found from
input tables and it is only the light-species equations that are progress variables, together with the energy;
however, the constituents make contributions to the light, and these contributions must be now formulated
in the species equations in terms of the constituents. To this end, we assign indices i, j and q to an ensemble
L denoting the lights, k to the ensemble C of the constituents and l,m to the ensemble H of the heavies.
Ensemble L is further partitioned into that of the quasi-steady species, LQS, and that of the unsteady
species, LUNS. All quantities are assumed averaged over the r direction, so there is only a variation with x.

1. Species equation

We partition the species molar flux in the light-species governing equation in two categories as Ji,light which
represents the contributions on light species i of all lights, and Ji,heavy which represents contributions on
light species i from all heavies

Ji = Ji,light + Ji,heavy (13)

Ji,light = −n

⎛⎝XiDT,i
d lnT

dx
+
X
j

Dij
dXj

dx

⎞⎠ (14)

Ji,heavy = −n
X
l

Dil
dXl

dx
≡ JH,i (15)
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where n is the molar density, X is the mole fraction, T is the temperature and quantities Dij are pairwise
diffusion coefficients for the lights that are computable from the binary diffusion coefficients through mixing
rules; ways to compute binary diffusion coefficients have been given by Harstad and Bellan5 and mixing rules
were derived by Harstad and Bellan.6 The term proportional to ∇T includes the entire Soret effect (in Ji
the term proportional to ∇p is considered negligible because it is usually small and we additionally make the
small Mach number approximation) and it is included in Ji,light because, as for Dij , DT,i can be computed
using mixing rules. These mixing rules generally include contributions from the heavies, however, since the
individual heavies are not individually tracked, we use a single mean heavy species dynamically computed
from the injected alkane fuel as it pyrolyses. The goal is now to express JH,i as a function of a constituent
equivalent of a mole fraction.
If one considers a constituent Nk, then

Nk ≡
X
l

CklNl, Nc ≡
X
k

Nk (16)

where Ckl is the count of constituent k in species l. To find a way of writing the heavies as a function of the
constituents, one must invert the matrix of elements Ckl. However, because there are fewer equations (i.e.
constituents) than unknowns (i.e. heavies), the inversion can only be approximately performed. To perform
this inversion, we select the Householder transformation which when utilized, yields

bNm =
X
k

bCmkNk where δml =
X
k

bCmkCkl (17)

with δml being the Kronecker symbol. One may interpret bNm as the minimum norm of heavy molar densities
for given Nk. This norm favors heaviest species and it is thus most accurate at early times, when diffusion
is important. Since Xl = Nl/n,

JH,i = −
X
k

ÃX
l

Dil
bClk

!
dNk

dx
+

ÃX
l

DilNl

!
d ln(n)

dx
. (18)

Since ultimately only Nc ≡
P

kNk is available in the model, an additional transformation is needed in the
expression of eq. 18. Under the verified assumption that individual dominant constituents of molar density
Nk are quasi-steady, it was postulated1 that there exists a mole fraction XCk such that Nk ' NcXCk.
Therefore, X

l,k

Dil
bClk XCk =

1

Nc

X
l

Dil
bNl =

1

Nc

X
l

Dil

ÃX
k

bClkNk

!
. (19)

Finally, it is necessary to compute, from the Dil coefficients, a global diffusion coefficient for the term
accounting in the formulation for the global constituent molar density. For this purpose, we define

DH,i ≡
1

n

X
l

DilNl =
X
l

DilXl = XHDiH (20)

where XH is the global mole fraction of the heavies and DiH is a mean diffusion coefficient from the light
species i to the ensemble of the heavies. If one defines a mean total constituent count as

Cave ≡
Nc

n
=
X
k,l

CklXl, (21)

then one may approximate JH,i by

JH,i
.
= −nDH,i

d lnCave

dx
. (22)

This leads to

Ji = −n

⎡⎣X
j

Dij
dXj

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦ . (23)
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To write Ji as a function of mass fraction gradients and take advantage of the partition of the lights set into
unsteady and quasi-steady species, we now assign indices i and j to the unsteady light species and q to the
quasi-steady light species. Thus the total unsteady mole fraction is

Xu = 1−XH −
X
q

Xq (24)

and the mixture mean mass becomes

m =
XuX
i

Yi
mi

. (25)

Introducing these definitions in eq. 23 yields

Ji = −n

⎡⎣X
j

Dij
dXj

dx
+
X
q

Diq
dXq

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦
= −n

⎡⎣Da
i

dXu

dx
+
X
j

(Dij −Da
i )

m

mj

dYj
dx

+
X
q

Diq
dXq

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦ (26)
having used dXj = (m/mj)dYj + Xjd ln(m) and having defined a mean unsteady-lights mass diffusion
coefficient

Da
i ≡

1

Xu

X
j

DijXj . (27)

Writing eq. 26 consistent with the kinetic reduction model1, 2 in which variables Xq,XH and Cave are ob-
tained from the reduced model as functions of the temperature, so that, for example dXH/dx = (δXH/δT )(dT/dx),
leads to

Ji = −n

⎡⎣X
j

(Dij −Da
i )

m

mj

dYj
dx

+Be
T,i

dT

dx

⎤⎦ (28)

where

Be
T,i ≡ Xi

DT,i

T
+
X
q

(Diq −Da
i )
δXq

δT
+XHDiH

δ lnCave

δT
−Da

i

δXH

δT
(29)

acts as an effective Soret coefficient for the reduced model.
Denoting the total reaction rate of species i by Ri, the governing equation for species of mass fraction

Yi is
dYi
dx

=
A
•
M

miRi −
d

dx

Ã
A
•
M

miJi

!
. (30)

In accordance with the reduced kinetic model

Ri = Ri|lights + Ri|heavies (31)

where Ri|lights is computed using CHEMKIN II in conjunction with the LLNL rate data, and Ri|heavies =
NcKnet,i where Knet,i is computed by interpolation from tables where it is listed as a function of T for fixed
(T0, p0, φ) with φ being the equivalence ratio and subscript 0 denoting initial conditions.

2. Energy equation

We write the energy equation under the assumption that the Dufour effect has a negligible contribution to
the heat flux. Additionally, since in our model the heavy species are combined into a single constituent,
we approximate the molar enthalpy of all heavy species averaged over the molar fluxes by the enthalpy
hH = (1/XH)

P
lXlhl which is the mean heavy-species enthalpy based on an average of heavy species molar

enthalpies hl. The result is

q
.
= −λdT

dx
−
X
i

µ
mi

mH
hH − hi

¶
Ji (32)
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where λ is the mixture thermal conductivity. The energy equation is thus

Cp

m

dT

dx
=

d

dx

Ã
A
•
M

λ
dT

dx

!
− A

•
M

(
dT

dx

"X
i

µ
Cp,i

mi
− Cp,H

mH

¶
(miJi)

#
+
X
i

hiRi −RuTrefNcKH

)
(33)

where Cp is the heat capacity at constant pressure and KH is computed by interpolation from tables2 where
it is listed as a function of T for fixed (T0, p0, φ).

C. Equation of state

The pressure is calculated from the Peng-Robinson (PR) EOS

p =
RuT

(vPR − bmix)
− amix

(v2PR + 2bmixvPR − b2mix)
, (34)

where vPR is the molar volume and amix and bmix are functions of T and Xi (see Appendix A).

D. Transport properties

To derive transport properties consistent with the kinetic model approach, we define an ensemble of all
light species and one mole-averaged heavy species: L ∪ H. Indices p, n and r refer to any species from
this ensemble. The transport properties under consideration are the diffusion coefficients Dpn, the thermal
diffusion factors DT,p, and the thermal conductivity; the viscosity does not enter the calculations, since an
inviscid situation is assumed, however, because transport property calculations of thermal conductivity and
viscosity are very much related, we borrow from methods to compute viscosity in order to compute the
thermal conductivity.
For the diffusion coefficients, the first task is to compute the binary diffusion coefficients which are the

building blocks of the pairwise diffusion coefficients. To this end, we adopt the method of Harstad and
Bellan5 which gives (in cgs units)

nDpn = 2.81× 10−5
fD(T )

rDv
2/3
C,pn

∙µ
1

mp
+

1

mn

¶
T

¸1/2
, (35)

where the subscript C denotes the critical state, fD(T ) ≡ (Tred)s with ln s =
P5

α=0 a
s
α(lnTred)

α where the
as vector has elements {-0.84211, -0.32643, -0.10053, 0.07747, 0.0127, -0.00995}, and rD is a constant O(1)
which provides an empirical adjustment for the specifics of the collisional interactions of a selected pair of
species. Values of rD are listed in Harstad and Bellan5 for species pairs relevant to combustion. The heavy
species molar mass is part of the reduced model tables and decreases as the reaction proceeds.
From the Dpn ’s, the pairwise diffusion coefficients6 can now be computed using, as an approximation (a

truncated series proposed by Ern and Giovangigli7),

Dpr
.
= Xp

X
n

eDpnαD,nr, (36)

eDpn =
(1 + Yp)

Xp
D∗pδpn + (1− δpn)

D∗pD∗n
Dpn

− (σpD∗p + σnD∗n) +
NX
r=1

(YrσrD∗r), (37)

D∗p ≡ (1− Yp)

⎛⎝X
n6=p

Xn

Dpn

⎞⎠−1 , (38)

σp =
mp

m
(1 + Yp) +

NX
n6=p

Yn
D∗n
Dpn

, (39)

where the mass diffusion factors are computed as

αD,pn =
∂Xp

∂Xn
+Xp

∂ ln γp
∂Xn

(40)
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from the EOS, with γp ≡ ϕp/ϕ
o
p, where ϕ is the fugacity coefficient and the superscript o denotes the pure

(Xp = 1) limit.
According to Harstad and Bellan6

DT,p ≡
NX
n=1

⎛⎜⎝ NX
r=1
r 6=n

Xrζr n(Tred,r n)
(mrω

T
n −mnω

T
r )

(mr +mn)Dr n

⎞⎟⎠Xn
eDnp, (41)

ωTp =
ωQp λp

Run
, (42)

where λp is the species p thermal conductivity computed according to eq. 50 and ωQp is a weighting factor
given by eq. 45. Factors ζr n(Tred,r n) are closely related to the temperature derivative of Dpn taken at
constant pressure,9 and they are computed from

ζr n(Tred,r n) =
1

5
− 2
5

∙
sr n + Tred,r n ln(Tred,r n)

∂sr n
∂Tred,r n

¸
, (43)

where Tred,r n is defined in Appendix A.
To compute λ, we use the Wassiljewa-Mason-Saxona method described in Reid et al.,8

λ =
X

n∈L∪H
Xnω

Q
n λn (44)

where the weighting factors ωQn are computed as recommended in Reid et al.,
8

(ωQn )
−1 =

X
j

φpnXn, (45)

φpn =

∙
1 +

³
mn

mp

´1/4 ³ ηp
ηn

´1/2¸2
r
8
³
1 +

mp

mn

´ , (46)

where ηp represents the viscosity of species p. To compute the individual species viscosities, we adopt a
method explained in Reid et al.8 whereby

ηp = ηref,p fR−T (Tred,p), (47)

where the subscript R− T stands for “Roy-Thodos” and

fR−T (Tred,p) = 2.25(exp(0.0464Tred,p)− exp(−0.2412Tred,p)), (48)

ηref,p = 1.08× 10−4(mpTC,p)
1/2

µ
ZC,p
vC,p

¶2/3
. (49)

The other ingredient entering the λ calculation is the expression for λp which is here computed (in cgs units)
using the Stiel-Thodos method (Reid et al.8) as

λp = λref,p

Ã
fλfR−T (Tred,p) +

1

Z5C,p
fE,p(ρred,p)

!
, (50)

fλ = 3.75 +

Cp
Ru
− 5

2

0.7862− 0.7109Ω+ 1.3168Ω2 (51)

where fλ is a function of the acentric factor Ω given by the Chung at al. formula,8 fR−T (Tred,p) of eq. 50
accounts for the small ρred (i.e. kinetic theory) limit whereas fE,p is an excess function of importance for
larger ρred. According to the Stiel-Thodos method,

λref,p = 8.9775× 103
µ
TC,p
mp

¶1/2µ
ZC,p
vC,p

¶2/3
, (52)

fE,p(ρred,p) = 1.223× 10−2[exp(0.535ρred,p)− 1]. (53)
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Properties used in these calculations are provided in Table 1 for n-heptane, iso-octane and all light species
and in Table 2 for the quasi-steady radicals. For these latter, estimates of pC and vC are made using the
group contribution method of Joback (Reid et al.8). Then, TC is estimated assuming ZC = 0.28; the same
assumption is made to estimate the pC , vC and Ω values in parentheses in Table 1.

III. Numerical method

The equations are solved under the large Péclet number, Pe, assumption which is consistent with using the
inviscid momentum equation. Basically, a large Pe value implies that convection dominates diffusion which is
the essence of the problem under consideration. If one defines a dimensionless parameter εi ≡ −miJi/(ρu)0,
then one may construct ε0i ≡ −εi/Yi = ρuD,i/(ρu)0 where uD,i is the species diffusion velocity. The large
Pe value means that |ε0i| ¿ 1.
Three dimensionless parameters are defined

eT ≡ T

Tref
, eA = A

A0
, fCp =

Cp

Ru
(54)

along with characteristic chemical kinetic rate-based gradient quantities

GYRi ≡
miRi

(ρu)0
(55)

GTR ≡ mfCp(ρu)0

Ã
NCKH −

1

RuTref

X
i∈L

hiRi

!
(56)

and a characteristic conduction length

lT ≡
mλ

Ru(ρu)0
(57)

which is of same order as εi. Then, the governing equations become

dYi
dx

= eA×GY Ri +
d( eAεi)
dx

(58)

fCp

m

Ã
deT
dx
− eA×GTR

!
=

d

dx

Ã eA lT
m

d eT
dx

!
+ eAdeT

dx

X
i∈L

εi

ÃgCp,i

mi
−
]Cp,H

mH

!
. (59)

The idea is to expand the terms of these equations in function of εi and retain only the lowest order terms.
Doing so results in

dYi
dx

= eA× (GY Ri +GYDi) (60)

deT
dx

= eA× (GTR+GTD) (61)

where quantities GYDi and GTD are listed in Appendix B.
The equations are solved using a stiff-equations integrator.17

IV. Results

Preliminary results are discussed here, obtained for eA = 1, so as to be relatable to other simulations
described in the literature using this typically made assumption. These results are meant to probe (1) the
impact of diffusion with respect to a case where there is no diffusion, and (2) the validity of the large Pe
assumption on which the numerical method was constructed. All computations were performed for a fuel
that was a mixture of 90% iso-octane and 10% n-heptane, with (ρu)0 = 0.8 g/cm2-s and stoichiometric
equivalence ratio, i.e. φ = 1.
Figures 1 and 2 illustrate the results without diffusion and with diffusion and Tables 4 and 5 both pertain

to simulations performed including diffusion. Without diffusion (fig. 1), the calculation proceeds through
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an incubation region and a sharp increase starting at a location , xfs, defined as the flame location (for
accounting purposes, xfs occurs at T0 + 900 K). After that location, T increases within a short distance
to almost its final value which is in excess of 2800 K. Defining ufs as the characteristic velocity at xfs,
without diffusion, ufs = 120 cm/s and the value reached for the asymptotic T value is 250 cm/s. With
diffusion (fig. 2) it was verified that the large Pe assumption assumption (i.e. |ε0i| ¿ 1) holds in the
incubation region. However, as the flame is approached, there is an indication that this assumption is no
longer valid. This finding is not unexpected since the flame is inherently a small-scale structure involving
very large gradients. As a results of the |ε0i| ¿ 1 assumption breakdown, the calculation stalls at T values
or x positions corresponding to past the flame initiation. Values of xfs at two T0 and three p0 conditions
are listed in Table 4 and the corresponding ufs is listed in Table 5.

V. Conclusions

A model has been developed for simulating quasi-steady quasi-one-dimensional laminar premixed flames
in the configuration of a jet injected in air. The model has been derived in the framework consistent with it
being used in conjunction with a reduced chemical kinetic model based on constituents and species. As such,
the formulation includes the option of a jet variable-area with position, a complete mass-diffusion matrix,
and a mixture thermal conductivity computed taking into account the global constituent and all species.
Furthermore, a real-gas equation of state is used.
The equations are solved under the large Péclet number assumption. Results show that this assumption

is appropriate in the flame incubation region but, not unexpectedly, it breaks down very near the flame.
Further efforts will be devoted to enlarging the numerical technique to accommodate both the incubation
region and the flame region. Simulations performed devoid of diffusion show that the numerical method can
handle the strong reaction region of the flame very well.
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Appendix A
Miscellaneous relationships relevant to the EOS are

amix =
X
p

X
n

XpXnapn (T ) , bmix =
X
p

Xpbp, (62)

where indices do not follow here the Einstein notation, and

apn = (1− k
0
)
√
αppαnn, (63)

αpp(T ) ≡ 0.457236(RuTC,p)
2
h
1 + cp(1−

p
Tred,p)

i2
/pC,p, (64)

cp = 0.37464 + 1.54226Ωp − 0.26992Ω2p, (65)

where Tred,p ≡ T/TC,p, TC,p is the critical temperature and Ωp is the acentric factor. Also,

bp = 0.077796
RuTC,p
pC,p

, (66)

TC,pn = (1− kpn)
p
TC,pTC,n with kpp = 0, (67)

vC,pn =
1

8

³
v
1/3
C,p + v

1/3
C,n

´3
, (68)

ZC,pn =
1

2
(ZC,p + ZC,n) , (69)

pC,pn =
RuTC,pnZC,pn

vC,pn
, (70)
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with Tred,pn ≡ T/TC,pn, ZC,p being the critical compression factor defined as Z = p/(ρTRu/m), vC,p be-
ing the critical volume, and pC,p being the critical pressure. kpn is an empirical mixing parameter. The
relationship between the parameters kpn and k0pn is

(1− kpn) = (1− k0pn)
(vC,pvC,n)

1/2

vC,pn
. (71)

Values of k0pn are listed in Table 3, where the values were obtained from Reid et al.8 or Knapp et al.10

Otherwise, for pairs involving O2, N2, CO, CO2 or H2O, k0pn ' 0.

Appendix B
The coefficients of eqs. 60 and 61 are

GTD
.
= εT ×GTR× (1 + εT + ε0T + ε2T + 3εT ε

0
T + (ε

0
T )
2) (72)

GYDi
.
=

X
j∈LUNS

(δij +Mij)Fj (73)

where

εT ≡ 1fCp

⎡⎣lT d eA
dx

+m( eA)2 δ ¡ lTm ×GTR
¢

δ eT +m eAX
i∈L

ÃgCp,i

mi
−
]Cp,H

mH

!
εR,i + ( eA)2 X

j∈LUNS

lc,j ×GYDj

⎤⎦ ,
(74)

εR,i ≡
min

(ρu)0
eA
⎡⎣TrefBe

T,i ×GTR+
X

j∈LUNS

(Dij −Da
i )

m

mj
×GYRj

⎤⎦ , (75)

lc,j ≡ ρfCp(ρu)0

X
i=L

µgCp,i −
mi

mH

]Cp,H

¶
(Dij −Da

i )
m

mj
, (76)

ε0T ≡ ( eA)2 ×GTR× ρTreffCp(ρu)0

X
i=L

µgCp,i −
mi

mH

]Cp,H

¶
Be
T,i, (77)

Fi ≡
d ln eA
dx

× εR,i + eA×GTR
δεR,i

δ eT , (78)

Mij ≡ min

(ρu)0

d eA
dx
(Dij −Da

i )
m

mj
(79)

In eqs. 74-79, the following replacements were made

d

dx

Ã
lT
m

d eT
dx

!
by eAδ

¡
lT
m ×GTR

¢
δ eT d eT

dx

dεR,i
dx

by
δεR,i

δ eT d eT
dx

and quantities δ () /δ eT are numerically calculated using finite differences.
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Species m (g/mol) TC (K) pC (bar) vC (cm3/mol) Ω

C7H16 100.2 540.2 27.4 432 0.349
C8H18 114.23 568.8 24.9 492 0.396
N2 28.013 126.26 33.4 89.8 0.39
H2O 18.015 647.3 221 57.1 0.344
CO2 44.01 304.1 73.8 93.9 0.225
O2 32.0 154.6 50.43 73.4 0.025
H 1.008 33.15 (12) 64.2 (0.)
H2 2.016 32.94 12.84 64.3 -0.216
CO 28.01 132.9 35 93.2 0.066
CH4 16.04 190.6 45.94 99.2 0.0108
H2O2 34.015 728 220 (77) (0.1)
C2H2 26.04 308.3 61.4 112.7 0.19
C2H4 28.054 282.4 50.4 130.4 0.089
CH2O 30.026 408 65.9 (144) 0.253

Table 1. Fuel and unsteady light species properties.

Radicals m (g/mol) TC (K) pC (bar) vC (cm3/mol) Ω

O 16.0 116 76 35 0.
CH 13.02 183 73 58 0.
CH2 14.027 210 66 73 0.
CH3 15.034 221 62 82 0.
OH 17.01 167 85 45 0.
HCO 29.02 299 70 99 0.25
OOH 33.01 226 83 63 0.
HC2 25.03 291 67 100 0.2
C2H3 27.044 292 57 119 0.1

Table 2. Quasi-steady radicals properties.
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p n k0

alkane alkane 0.0
alkane N2, O2 0.15
alkane CO2 0.11
alkane H2O 0.093-0.006nc
alkane H2 0.099nc-0.81
H2 N2, O2 0.12
H2 CO2 -0.162
CO2 H2O 0.095
CO2 N2, O2 -0.017
H2O N2, O2 0.17

.

Table 3. Values of k
0
for species pairs. nc is the number of C atoms in the species.

p0, bar 20 30 40
T, K

700 2.39 1.36 0.9
800 0.9 0.4 0.2

Table 4. Flame position, xfs (cm) for stoichiometric conditions and simulations including diffusion.

p0, bar 20 30 40
T, K

700 118 88 64.4
800 132 91 73.4

Table 5. Characteristic speed (cm/s) at xfs for stoichiometric conditions and simulations including diffusion.
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Figure 1. Predictions of the reduced model without diffusion at p0 = 30 bar, T0 = 800 K and φ = 1 conditions.
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Figure 2. Predictions of the reduced model with diffusion at p0 = 30 bar, T0 = 800 K and φ = 1 conditions.
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Modeling of Steady Laminar Flames for
One-dimensional Premixed Jets of Heptane/Air and

Octane/Air Mixtures

Kenneth G. Harstad¨,∗and Josette Bellan¨,∗∗,†

Jet Propulsion Laboratory
¨
, California Institute of Technology,

Pasadena CA 91109-8099
California Institute of Technology∗∗, Mechanical Engineering, Pasadena, CA 91125

A model is proposed for quasi-one-dimensional steady flame development in the con-
figuration of an inviscid, premixed fuel jet injected into air. The governing equations
are written within the framework of a reduced kinetic model based on constituents and
species. The reduced kinetic model, previously exercised in a constant-volume perfectly-
stirred reactor mode, has been successful at predicting ignition and combustion product
and temperature evolution for n-heptane, iso-octane, PRF fuel combinations, and mixtures
of iso-octane with either n-pentane or iso-hexane. The differential governing equations have
the option of an axially variable area and they are coupled with a real gas equation of state.
The flame development model accounts for a full diffusion matrix, and thermal conductiv-
ity computed for the species mixture. Results from four simulations at various conditions
are presented.

I. Introduction

To predict the initiation and evolution of turbulent reacting flows in practical devices one must couple
chemical kinetics and turbulence models. Because codes resulting from these models are very computationally
intensive, the chemical kinetic mechanisms cannot be utilized in their entire complexity and instead they are
reduced to mechanisms that are sought to be compact as well as reliable. Recently a reduced kinetic model
relying on constituents and species1, 2 has been developed, which was successful in reproducing ignition time,
and combustion product and temperature evolution for n-heptane, iso-octane, PRF fuel combinations, and
mixtures of iso-octane with either n-pentane or iso-hexane.
In this conceptual model,1, 2 the ensemble of species in a full (or skeletal) mechanism is partitioned into

heavies (carbon number, n > 3) and lights (the remaining of the set). The heavies can be either radicals or
stable species. The lights are oxygen, nitrogen, the final combustion products and light radicals/molecules
(e.g. CH3, CH4, H2O2). The heavies are not treated as a species set, but as a set of base constituent radicals
which correspond to radicals as used in group additivity theory.3 Sometimes light species are radicals which
may have the same chemical formula as constituents, however, the difference between constituents and these
light species is that the later are unbound to other chemical entities whereas the former are bound to other
chemical entities, i.e. other constituents. For each constituent k, its molar density, Nk, is the sum, over all
heavy species, of the count of the constituent in each heavy species multiplied by the molar density of that
species. The constituents are not just based on atom counts and their element composition is not linearly
independent, however, the constituents are linearly independent. Thus, the constituents are independent
structural elements which have individual valence bond topologies.
For each heavy species, and thus for the entire set of heavy species, there is a unique and complete set of

constituents. The subset of constituents that have a very small contribution to the total constituent count
having molar density Nc, is replaced by the complementary subset of constituents already accounted for in

∗Senior Engineer.
†Senior Research Scientist, AIAA Fellow (corresponding author, josette.bellan@jpl.nasa.gov).
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Nc. The rule for replacement is that each constituent having a small contribution to Nc is replaced by one
having, first, close valence structure and second, close composition to the constituent neglected. After this
replacement, one obtains an optimal Nk set. It is this optimal set of constituents that is used in the kinetic
reduction.
To test the capability of the reduced kinetic model in the a simple flow model, the first step is to evaluate

it in a steady, quasi-one-dimensional configuration before undertaking the more arduous task of the counter-
flow configuration for which the overwhelming experimental data has been obtained. We first present the
governing equations, as they are more general than the typical ones for steady quasi-one-dimensional flow;
in particular we use here accurate transport properties and a real-gas equation of state. Further, we discuss
some results obtained with the model and then present a concise summary and conclusions.

II. Governing equations

The configuration of interest is that of a steady, round jet in a system of coordinates (x, r, θ) where it
is assumed that there is uniformity in the θ direction and thus the coordinates of interest are (x, r). The
entrance of the jet (x = 0) is labeled by the subscript 0 and the far field boundary is at x = L. Within the
quasi-one-dimensional framework, all quantities are averaged in the r direction, and thus the jet boundary
is located at r = R(x). Therefore, the jet area is A(x) = πR2(x). A quantity ξ(x) ≡ R0/R(x) is defined to
track the jet spacewise variation.

A. Continuity and momentum

We define the mass density ρ, and the axial and radial velocities, u and v. Radial averages are designated
by (), as for example

ρ(x) =
2

R2

RZ
0

ρ(x, r) r dr. (1)

In the entire derivation below, all quantities will be considered as radial averages, but the () symbol will be
omitted for notation simplicity.

1. Continuity equation

Defining the mass flow rate
•
M, the steady flow assumption implies ρuA =

•
M = constant, which means that

ρu =
•
M/A ≡

•
M/πR2(x). (2)

Replacing eq. 2 in the steady continuity equation

1

r

∂(rρv)

∂r
+

∂(ρu)

∂x
= 0 (3)

leads to

ρv = r

•
M

πR3
dR

dx
. (4)

2. Momentum equation

Under the assumption of an inviscid fluid, the steady momentum equation components are

ρ

µ
u
∂

∂x
+ v

∂

∂r

¶
u+

∂p

∂x
= 0 (5)

ρ

µ
u
∂

∂x
+ v

∂

∂r

¶
v +

∂p

∂r
= 0. (6)

To make progress in obtaining an equation for the jet area, we expand p and ρ−1 in even powers of r (due to
symmetry conditions), as a means of taking advantage of the configuration symmetry. Thus, we postulate
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that

p = p0 +
1

2
ρ0u

2
0

nmaxX
n=0

σn(x)
r2n

R2n
, (7)

ρ0
ρ

=

nmaxX
n=0

fn(x)
r2n

R2n
, (8)

where σn and fn are arbitrary functions. Replacing these expressions in eqs. 5 and 6 yields

−1
2

dσn
dx

= ξ2
d(ξ2fn)

dx
+R20

dξ

dx

d

dx

µ
fn−1

dξ

dx

¶
(9)

nσn = R20ξ
d

dx

µ
fn−1

dξ

dx

¶
for n > 0. (10)

Combining eqs. 9 and 10 for n = 1, leads to

2ξ4
d(ξ2f1)

dx
+R20

d

dx

∙
ξ3

d

dx

µ
f0

dξ

dx

¶¸
= 0. (11)

An analysis of eq. 11 provides insights from which further simplifications are obtained. For example, near a
stagnation point, which is obtained for ξ → 0, the second term on the left hand side of eq. 11 dominates the
first term which can then be neglected. Also, near the x = 0 boundary, the jet is nearly radially uniform,
which means that f1

.
= 0. These simple considerations indicate that f1 can be neglected over the entire

length of the jet. To analyze the last term of eq. 11, we define

ξ2 = 1− k

Z x

0

ζ(x0)
ρ(x0)

ρ0
x0dx0 (12)

where k is determined by the downstream boundary condition and is therefore constant. Then, the last term
of eq. 11 contains

ξ3
d

dx

µ
ρ0
ρ

dξ

dx

¶
= −k

2
ξ2x

dζ

dx
− k

2
ζ

∙
1 + k

µ
1

2
x2ζ

ρ

ρ0
−
Z x

0

ζ(x0)
ρ(x0)

ρ0
x0dx0

¶¸
. (13)

Outside of the flame, (ρ/ρ0) ≈ 1, which together with the fact that the right hand side of eq. 11 must be
constant, leads to assuming that ζ is constant. This implies that the right hand side of eq. 13, i.e. (−kζ/2)
is also nearly constant. To remove the ambiguity of dealing with the product of two constants, we take ζ = 1
which is a good approximation for satisfying eq. 11. In the flame region, ρ/ρ0 < 1; for fixed p, its typical
(or mean) value is that of T0/T ≈ 1/4 found in flames. However, the flame thickness is small, and a value of
ζ 6= 1 but varying weakly may be used in this region since the right hand side of eq. 11 will still be nearly
constant. For the results presented in section IV, the deviation of ζ from unity was O(10−2).
For A constant, none of these considerations apply and the momentum equation becomes a vehicle to

compute ∇p, but under the assumption of very small Mach number the pressure is assumed constant for the
calculation of the equation of state (EOS).

B. Species and energy equations

The complete formulation for the species and the energy equations has been presented elsewhere.4 However,
that formulation was for species and it is not applicable here where the model is for both constituents and
species. In this reduced kinetic model, the evolution of the global constituents molar density is found from
input tables and it is only the light-species equations that are progress variables, together with the energy;
however, the constituents make contributions to the light, and these contributions must be now formulated
in the species equations in terms of the constituents. To this end, we assign indices i, j and q to an ensemble
L denoting the lights, k to the ensemble C of the constituents and l,m to the ensemble H of the heavies.
Ensemble L is further partitioned into that of the quasi-steady species, LQS, and that of the unsteady
species, LUNS. All quantities are assumed averaged over the r direction, so there is only a variation with x.
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1. Species equation

We partition the species molar flux in the light-species governing equation in two categories as Ji,light which
represents the contributions on light species i of all lights, and Ji,heavy which represents contributions on
light species i from all heavies

Ji = Ji,light + Ji,heavy (14)

Ji,light = −n

⎛⎝XiDT,i
d lnT

dx
+
X
j

Dij
dXj

dx

⎞⎠ (15)

Ji,heavy = −n
X
l

Dil
dXl

dx
≡ JH,i (16)

where n is the molar density, X is the mole fraction, T is the temperature and quantities Dij are pairwise
diffusion coefficients for the lights that are computable from the binary diffusion coefficients through mixing
rules; ways to compute binary diffusion coefficients have been given by Harstad and Bellan5 and mixing rules
were derived by Harstad and Bellan.6 The term proportional to ∇T includes the entire Soret effect (in Ji
the term proportional to ∇p is considered negligible because it is usually small and we additionally make the
small Mach number approximation) and the Soret effect is included in Ji,light because, as for Dij , DT,i can be
computed using mixing rules. These mixing rules generally include contributions from the heavies, however,
since the individual heavies are not individually tracked, we use a single mean heavy species dynamically
computed from the injected alkane fuel as it pyrolyses. The goal is now to express JH,i as a function of a
constituent equivalent of a mole fraction.
If one considers a constituent Nk, then

Nk ≡
X
l

CklNl, Nc ≡
X
k

Nk (17)

where Ckl is the count of constituent k in species l. To find a way of writing the heavies as a function of the
constituents, one must invert the matrix of elements Ckl. However, because there are fewer equations (i.e.
constituents) than unknowns (i.e. heavies), the inversion can only be approximately performed. To perform
this inversion, we select the Householder transformation which when utilized, yields

bNm =
X
k

bCmkNk where δml =
X
k

bCmkCkl (18)

with δml being the Kronecker symbol. One may interpret bNm as the minimum norm of heavy molar densities
for givenNk. This norm favors heaviest species and it is thus most accurate at early times, when heavy species
diffusion is important. Since Xl = Nl/n,

JH,i = −
X
k

ÃX
l

Dil
bClk

!
dNk

dx
+

ÃX
l

DilNl

!
d ln(n)

dx
. (19)

Since ultimately only Nc ≡
P

kNk is available in the model, an additional transformation is needed in the
expression of eq. 19. Under the verified assumption that individual dominant constituents of molar density
Nk are mostly quasi-steady, it was postulated1 that there exists a mole fraction XCk such that Nk ' NcXCk.
Therefore, X

l,k

Dil
bClk XCk =

1

Nc

X
l

Dil
bNl =

1

Nc

X
l

Dil

ÃX
k

bClkNk

!
. (20)

Finally, it is necessary to compute, from the Dil coefficients, a global diffusion coefficient for the term
accounting in the formulation for the global constituent molar density. For this purpose, we define

DH,i ≡
1

n

X
l

DilNl =
X
l

DilXl = XHDiH (21)
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where XH is the global mole fraction of the heavies and DiH is a mean diffusion coefficient from the light
species i to the ensemble of the heavies. If one defines a mean total constituent count as

Cave ≡
Nc

n
=
X
k,l

CklXl, (22)

then one may approximate JH,i by

JH,i
.
= −nDH,i

d lnCave

dx
. (23)

This leads to

Ji = −n

⎡⎣X
j

Dij
dXj

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦ . (24)

To write Ji as a function of mass fraction gradients and take advantage of the partition of the lights set into
unsteady and quasi-steady species, we now assign indices i and j to the unsteady light species and q to the
quasi-steady light species. Thus the total unsteady mole fraction is

Xu = 1−XH −
X
q

Xq (25)

and the mixture mean mass becomes

m =
XuX
i

Yi
mi

. (26)

Introducing these definitions in eq. 24 yields

Ji = −n

⎡⎣X
j

Dij
dXj

dx
+
X
q

Diq
dXq

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦
= −n

⎡⎣Da
i

dXu

dx
+
X
j

(Dij −Da
i )

m

mj

dYj
dx

+
X
q

Diq
dXq

dx
+XHDiH

d lnCave

dx
+XiDT,i

d lnT

dx

⎤⎦ (27)
having used dXj = (m/mj)dYj + Xjd ln(m) and having defined a mean unsteady-lights mass diffusion
coefficient

Da
i ≡

1

Xu

X
j

DijXj . (28)

Writing eq. 27 consistent with the kinetic reduction model1, 2 in which variables Xq,XH and Cave are ob-
tained from the reduced model as functions of the temperature, so that, for example dXH/dx = (δXH/δT )(dT/dx),
leads to

Ji = −n

⎡⎣X
j

(Dij −Da
i )

m

mj

dYj
dx

+Be
T,i

dT

dx

⎤⎦ (29)

where

Be
T,i ≡ Xi

DT,i

T
+
X
q

(Diq −Da
i )
δXq

δT
+XHDiH

δ lnCave

δT
−Da

i

δXH

δT
(30)

acts as an effective Soret coefficient for the reduced model.
Denoting the total reaction rate of species i by Ri, the governing equation for species of mass fraction

Yi is
dYi
dx

=
A
•
M

miRi −
d

dx

Ã
A
•
M

miJi

!
. (31)

In accordance with the reduced kinetic model

Ri = Ri|lights + Ri|heavies (32)

where Ri|lights is computed using CHEMKIN II in conjunction with the LLNL rate data, and Ri|heavies =
NcKnet,i where Knet,i is computed by interpolation from tables where it is listed as a function of T for fixed
(T0, p0, φ) with φ being the equivalence ratio and subscript 0 denoting initial conditions.
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2. Energy equation

We write the energy equation under the assumption that the Dufour effect has a negligible contribution to
the heat flux. Additionally, since in our model the heavy species are combined into a single constituent,
we approximate the molar enthalpy of all heavy species averaged over the molar fluxes by the enthalpy
hH = (1/XH)

P
lXlhl which is the mean heavy-species enthalpy based on an average of heavy species molar

enthalpies hl. The result is

q
.
= −λdT

dx
−
X
i

µ
mi

mH
hH − hi

¶
Ji (33)

where λ is the mixture thermal conductivity. The energy equation is thus

Cp

m

dT

dx
=

d

dx

Ã
A
•
M

λ
dT

dx

!
− A

•
M

(
dT

dx

"X
i

µ
Cp,i

mi
− Cp,H

mH

¶
(miJi)

#
+
X
i

hiRi −RuTrefNcKH

)
(34)

where Cp is the heat capacity at constant pressure and KH is computed by interpolation from tables2 where
it is listed as a function of T for fixed (T0, p0, φ).

C. Equation of state

The pressure is calculated from the Peng-Robinson (PR) EOS

p =
RuT

(vPR − bmix)
− amix

(v2PR + 2bmixvPR − b2mix)
, (35)

where vPR is the molar volume and amix and bmix are functions of T and Xi (see Appendix A).

D. Transport properties

To derive transport properties consistent with the kinetic model approach, we define an ensemble of all
light species and one mole-averaged heavy species: L ∪ H. Indices p, n and r refer to any species from
this ensemble. The transport properties under consideration are the diffusion coefficients Dpn, the thermal
diffusion factors DT,p, and the thermal conductivity; the viscosity does not enter the calculations, since an
inviscid situation is assumed, however, because transport property calculations of thermal conductivity and
viscosity are very much related, we borrow from methods to compute viscosity in order to compute the
thermal conductivity.
For the diffusion coefficients, the first task is to compute the binary diffusion coefficients which are the

building blocks of the pairwise diffusion coefficients. To this end, we adopt the method of Harstad and
Bellan5 which gives (in cgs units)

nDpn = 2.81× 10−5
fD(T )

rDv
2/3
C,pn

∙µ
1

mp
+

1

mn

¶
T

¸1/2
, (36)

where the subscript C denotes the critical state, fD(T ) ≡ (Tred)s with ln s =
P5

α=0 a
s
α(lnTred)

α where the
as vector has elements {-0.84211, -0.32643, -0.10053, 0.07747, 0.0127, -0.00995}, and rD is a constant O(1)
which provides an empirical adjustment for the specifics of the collisional interactions of a selected pair of
species. Values of rD are listed in Harstad and Bellan5 for species pairs relevant to combustion. The heavy
species molar mass is part of the reduced model tables and decreases as the reaction proceeds.
From the Dpn ’s, the pairwise diffusion coefficients6 can now be computed using, as an approximation (a
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truncated series proposed by Ern and Giovangigli7),

Dpr
.
= Xp

X
n

eDpnαD,nr, (37)

eDpn =
(1 + Yp)

Xp
D∗pδpn + (1− δpn)

D∗pD∗n
Dpn

− (σpD∗p + σnD∗n) +
NX
r=1

(YrσrD∗r), (38)

D∗p ≡ (1− Yp)

⎛⎝X
n6=p

Xn

Dpn

⎞⎠−1 , (39)

σp =
mp

m
(1 + Yp) +

NX
n6=p

Yn
D∗n
Dpn

, (40)

where the mass diffusion factors are computed as

αD,pn =
∂Xp

∂Xn
+Xp

∂ ln γp
∂Xn

(41)

from the EOS, with γp ≡ ϕp/ϕ
o
p, where ϕ is the fugacity coefficient and the superscript o denotes the pure

(Xp = 1) limit.
According to Harstad and Bellan6

DT,p ≡
NX
n=1

⎛⎜⎝ NX
r=1
r 6=n

Xrζr n(Tred,r n)
(mrω

T
n −mnω

T
r )

(mr +mn)Dr n

⎞⎟⎠Xn
eDnp, (42)

ωTp =
ωQp λp

Run
, (43)

where λp is the species p thermal conductivity computed according to eq. 51 and ωQp is a weighting factor
given by eq. 46. Factors ζr n(Tred,r n) are closely related to the temperature derivative of Dpn taken at
constant pressure,8 and they are computed from

ζr n(Tred,r n) =
1

5
− 2
5

∙
sr n + Tred,r n ln(Tred,r n)

∂sr n
∂Tred,r n

¸
, (44)

where Tred,r n is defined in Appendix A.
To compute λ, we use the Wassiljewa-Mason-Saxona method described in Reid et al.,9

λ =
X

n∈L∪H
Xnω

Q
n λn (45)

where the weighting factors ωQn are computed as recommended in Reid et al.,
9

(ωQn )
−1 =

X
j

φpnXn, (46)

φpn =

∙
1 +

³
mn

mp

´1/4 ³ ηp
ηn

´1/2¸2
r
8
³
1 +

mp

mn

´ , (47)

where ηp represents the viscosity of species p. To compute the individual species viscosities, we adopt a
method explained in Reid et al.9 whereby

ηp = ηref,p fR−T (Tred,p), (48)
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where the subscript R− T stands for “Roy-Thodos” and

fR−T (Tred,p) = 2.25(exp(0.0464Tred,p)− exp(−0.2412Tred,p)), (49)

ηref,p = 1.08× 10−4(mpTC,p)
1/2

µ
ZC,p
vC,p

¶2/3
. (50)

The other ingredient entering the λ calculation is the expression for λp which is here computed (in cgs units)
using the Stiel-Thodos method (Reid et al.9) as

λp = λref,p

Ã
fλfR−T (Tred,p) +

1

Z5C,p
fE,p(ρred,p)

!
, (51)

fλ = 3.75 +

Cp
Ru
− 5

2

0.7862− 0.7109Ω+ 1.3168Ω2 (52)

where fλ is a function of the acentric factor Ω given by the Chung at al. formula,9 fR−T (Tred,p) of eq. 51
accounts for the small ρred (i.e. kinetic theory) limit whereas fE,p is an excess function of importance for
larger ρred. According to the Stiel-Thodos method,

λref,p = 8.9775× 103
µ
TC,p
mp

¶1/2µ
ZC,p
vC,p

¶2/3
, (53)

fE,p(ρred,p) = 1.223× 10−2[exp(0.535ρred,p)− 1]. (54)

Properties used in these calculations are provided in Table 1 for n-heptane, iso-octane and all light species
and in Table 2 for the quasi-steady radicals. For these latter, estimates of pC and vC are made using the
group contribution method of Joback (Reid et al.9). Then, TC is estimated assuming ZC = 0.28; the same
assumption is made to estimate the pC , vC and Ω values in parentheses in Table 1.

III. Numerical method

The equations are solved using a numerical method relying on three to four steps, as follows. In a first
step, Based on profiles of T and Yi’s obtained from published experimental data and models available in the
literature, an initial guess is made for these profiles as a function of x, for a specified grid. In the second step,
a preliminary relaxation integration relative to the grid is made by combining the assumed profiles of the first
step with that obtained using differences from the conservation equations. Results are examined to assess
if this preliminary relaxation procedure gives reasonable-looking profiles; if not, the first step is revised. In
a final step, further profile relaxations are made using a pseudo-unsteady time increment procedure. This
procedure is meant to relax the numerical residues of the conservation equations. For variables Yi and T,
the increments are

∆Yi = u∆t

∙
miRi

ρu
− d

dx

µ
miJi
ρu

¶
− dYi

dx

¸
(55)

∆T = u∆t

½∙
d

dx

µ
λ

ρu

dT

dx

¶
+

P
i hiRi

ρu

¸
m

Cpe
− dT

dx

¾
(56)

where

Cpe ≡ Cp +
m

ρu

X
i

µ
Cpi −

m

mH
CpH

¶
Ji. (57)

The axial coordinate is discretized in intervals ∆x = O(10−3) cm and the iteration pseudo steps are ∆t =
O(0.1) μs. Since u = O(102) cm/s, each time iteration pseudo step corresponds to an axial distance change
of O(10−5) cm, or approximately 1% of ∆x. For high-p flows, a fourth step is necessary because of the very
steep flame: we re-grid successively in the flame region in order to obtain good resolution.

IV. Results

Several sets of results are discussed here, some of which are comparable with published experimental
data. Because experimental data is not usually accompanied by illustrations of initial condition profiles, and
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because the computations tend to be sensitive on how close the initial profiles are to the quasi-steady flame
ones, simulations are still challenging from the numerical viewpoint in terms of achieving profile convergence
under the one-dimensional assumption.

A. Case 1

The first case is one for which experimental data exists.10 Experiments were performed for a premixed
n-heptane/air jet under the following conditions: φ = 1, p = 1 bar, T0 = 350 K, L = 0.6 cm, (ρu)0 = 0.18
g/cm2-s.10 Illustrated in Fig. 1 are computations using our reduced kinetics model (Fig. 1a) as well as
experimental results (Fig. 1b) . Clearly, the flame location is reproduced with good accuracy, the velocity
up to the location of (du/dx) = 0 is very well predicted but its computed value after the flame exceeds that
of the experimental data; the temperature is also very well predicted up to past the flame, however, the
value at which levelling-off occurs is higher than in the experiment. Given the compact reduced kinetics,
some inaccuracies are unavoidable. Further, in Fig. 1c are the reactant’s profiles. The mass fractions of the
reactants are constant until the flame region where a reduction in Yo2 is observed concomitant with a small
increase in the YH ; the Yo2 reduction is attributed to the initiation of the reaction whereas the small increase
in YH is attributed to diffusion promoted by the large temperature. The same diffusion process explains
the further increase in Yo2 until the kinetic rates take over and both YH and Yo2 decrease precipitously.
Noteworthy, the heavy species disappear before all oxygen is exhausted, and the remaining oxygen is used
for the light species reactions, in particular to convert CO to CO2.

B. Case 2

The simulations of Case 2 are devoted to an iso-octane/air mixture under the conditions of φ = 1, p = 10 bar,
T0 = 300 K, L = 0.4 cm, (ρu)0 = 3.0 g/cm2-s. Results are displayed in Fig. 2. A quantitative comparison
with the n-heptane/air flame must take into account the combined effect of the lower initial temperature but
larger initial pressure, shorter domain and larger flow rate. Both velocity and temperature are larger than
in Case 1, and also the first decrease in Yo2 and increase in YH are muted.

C. Case 3

For Case 3, we are returning to n-heptane/air mixtures but at a different initial conditions than Case1. For
Case 3, φ = 1, p = 1 bar, T0 = 500 K, L = 0.6 cm, (ρu)0 = 0.10 g/cm2-s and the results are exhibited in
Fig. 3. By comparison with Case 1, T0 is here larger but (ρu)0 is smaller. Expectably, the temperature is
larger, and it is conjectured that this larger temperature induces the larger velocity. The reactants’ profiles
are qualitatively similar to those of Case 1, and the persistence of oxygen farther downstream than in Case
1 is noted.

D. Case 4

To show the capabilities of the model for rich flames, in Case 4 we compute a flame similar but not identical
to that which has been experimentally addressed by El Bakali et al.11 The reason that the same flame could
not be computed is that for the very small mass flow rate in the experiment, the code did not converge;
moreover, the domain size used in the experiment is unclear except for the fact that L ≥ 0.4 cm. Thus,
the initial conditions of the computation are: φ = 1.9, p = 1 bar, T0 = 300 K, L = 0.5 cm, (ρu)0 = 0.0147
g/cm2-s (the mass flow rate is here increased by a factor of approximately 2.5 from that in the experiment).
Results are depicted in Fig. 4. Both the temperature and the velocity have smaller values than those of
Case 1 where T0 was slightly larger, the mass flow rate was larger by an order of magnitude than in Case
4, and the domain size was slightly larger, but the general shape of the profiles is qualitatively similar in all
cases. Similar to the experiment,11 the results of Fig. 4 show substantial Yco > Yco2 (the experimental data
shows mole fractions, whereas we display mass fractions), and Yh2o > Yco2.

V. Summary and conclusions

A model has been developed for simulating quasi-steady one-dimensional laminar premixed flames in the
configuration of a jet injected in air. The model has been derived in the framework consistent with it being
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used in conjunction with a reduced chemical kinetic model based on constituents and species. As such, the
formulation includes a complete mass-diffusion matrix, and a mixture thermal conductivity computed taking
into account the global constituent and all species. Furthermore, a real-gas equation of state is used.
The equations are solved using a pseudo-unsteady time increment procedure with initial profiles that are

a guess of the steady-state profiles. Results have been presented for both n-heptane/air and iso-octane/air
premixed flames under a variety of initial conditions. Comparisons with experimental results showed good
agreement. Further simulations are necessary to explore the full potential of the model.
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Appendix A
Miscellaneous relationships relevant to the EOS are

amix =
X
p

X
n

XpXnapn (T ) , bmix =
X
p

Xpbp, (58)

where indices do not follow here the Einstein notation, and

apn = (1− k
0
)
√
αppαnn, (59)

αpp(T ) ≡ 0.457236(RuTC,p)
2
h
1 + cp(1−

p
Tred,p)

i2
/pC,p, (60)

cp = 0.37464 + 1.54226Ωp − 0.26992Ω2p, (61)

where Tred,p ≡ T/TC,p, TC,p is the critical temperature and Ωp is the acentric factor. Also,

bp = 0.077796
RuTC,p
pC,p

, (62)

TC,pn = (1− kpn)
p
TC,pTC,n with kpp = 0, (63)

vC,pn =
1

8

³
v
1/3
C,p + v

1/3
C,n

´3
, (64)

ZC,pn =
1

2
(ZC,p + ZC,n) , (65)

pC,pn =
RuTC,pnZC,pn

vC,pn
, (66)

with Tred,pn ≡ T/TC,pn, ZC,p being the critical compression factor defined as Z = p/(ρTRu/m), vC,p be-
ing the critical volume, and pC,p being the critical pressure. kpn is an empirical mixing parameter. The
relationship between the parameters kpn and k0pn is

(1− kpn) = (1− k0pn)
(vC,pvC,n)

1/2

vC,pn
. (67)

Values of k0pn are listed in Table 3, where the values were obtained from Reid et al.9 or Knapp et al.12

Otherwise, for pairs involving O2, N2, CO, CO2 or H2O, k0pn ' 0.
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Species m (g/mol) TC (K) pC (bar) vC (cm3/mol) Ω

C7H16 100.2 540.2 27.4 432 0.349
C8H18 114.23 568.8 24.9 492 0.396
N2 28.013 126.26 33.4 89.8 0.039
H2O 18.015 647.3 221 57.1 0.344
CO2 44.01 304.1 73.8 93.9 0.225
O2 32.0 154.6 50.43 73.4 0.025
H 1.008 33.15 (12) 64.2 (0.)
H2 2.016 32.94 12.84 64.3 -0.216
CO 28.01 132.9 35 93.2 0.066
CH4 16.04 190.6 45.94 99.2 0.0108
H2O2 34.015 728 220 (77) (0.1)
C2H2 26.04 308.3 61.4 112.7 0.19
C2H4 28.054 282.4 50.4 130.4 0.089
CH2O 30.026 408 65.9 (144) 0.253

Table 1. Fuel and unsteady light species properties.

Radicals m (g/mol) TC (K) pC (bar) vC (cm3/mol) Ω

O 16.0 116 76 35 0.
CH 13.02 183 73 58 0.
CH2 14.027 210 66 73 0.
CH3 15.034 221 62 82 0.
OH 17.01 167 85 45 0.
HCO 29.02 299 70 99 0.25
OOH 33.01 226 83 63 0.
HC2 25.03 291 67 100 0.2
C2H3 27.044 292 57 119 0.1

Table 2. Quasi-steady radicals properties.
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p n k0

alkane alkane 0.0
alkane N2, O2 0.15
alkane CO2 0.11
alkane H2O 0.093-0.006nc
alkane H2 0.099nc-0.81
H2 N2, O2 0.12
H2 CO2 -0.162
CO2 H2O 0.095
CO2 N2, O2 -0.017
H2O N2, O2 0.17

.

Table 3. Values of k
0
for species pairs. nc is the number of C atoms in the species.
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Figure 1. (a) Predictions of the reduced model for temperature and velocity, (b) corresponding experimental
data, and (c) the reactants’ mass fractions. Computations and experiments are for heptane/air with φ = 1,
p0 = 1 bar, T0 = 350 K, L = 0.6 cm and (ρu)0 = 0.18 g/cm2-s. The temperature is represented by the solid line,
and the velocity by the dashed line.
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Figure 2. Predictions of the reduced model for an iso-octane/air premixed flame under the following conditions:
φ = 1, p = 10 bar, T0 = 300 K, L = 0.4 cm, (ρu)0 = 3.0 g/cm2-s. (a) Temperature (solid line) and velocity (dashed
line) and (b) reactants mass fractions.
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Figure 3. Predictions of the reduced model for an heptane/air premixed flame under the following conditions:
φ = 1, p = 10 bar, T0 = 500 K, L = 0.4 cm, (ρu)0 = 0.10 g/cm2-s. (a) Temperature (solid line) and velocity (dashed
line) and (b) reactants mass fractions.
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Figure 4. Predictions of the reduced model for an heptane/air premixed flame under the following conditions:
φ = 1.9, p = 1 bar, T0 = 300 K, L = 0.5 cm, (ρu)0 = 0.0147 g/cm2-s. (a) Temperature (solid line) and velocity
(dashed line) and (b) products mass fractions.
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